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Abstract
This paper presents a simple framework that organizes thin-wall Coleman-De Luccia instantons
based on the Euclidean geometries of their original and tunneled vacuum patches. We consider all a
priori allowed vacuum pairs (de Sitter or Anti-de Sitter for either patch, Minkowski can be obtained
as a limit of either), and O(4)-symmetric thin-wall geometries connecting them. For each candidate
bounce geometry, either a condition under which a solution to the O(4)-invariant equations of motion
exists is derived, or the would-be vacuum transition is ruled out. For the parameter regimes in which
a solution exists, we determine whether expansion/contraction of the bounce supplies a negative mode
in the second variation of the Euclidean action. All results follow from the monotonicity of a single
function.
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Figure 1: The potential of a quantum mechanics system with a metastable state.
1 Introduction
The hierarchy of gravitationally collapsed structures we observe in the universe could not
have formed unless our dark energy density was small. Inflation isolated pockets of under
and over density from one another, but had the cosmological constant (CC) been too large,
the universe would have expanded too rapidly for those density perturbations to seed the
development of complex structures. This may help to explain why our observed vacuum
energy density, ρDE ∼ 10−120 M4pl, is so far out of line with that of an ordinary effective
field theory whose cut-off is at, or around the Planck scale. Effective field theory techniques
predict vacuum energies that scale like ~k4cut-off, so ρEFT ∼ O(1)M4pl.
Realizing an anthropic solution to the CC problem — the idea that structure formation
itself, a seemingly necessary condition for the act of observation, drastically limits the range
of relevant CC values — requires the effective field theory with Planck scale cut-off to have an
enormous number of distinct vacuum phases [1, 2]. Flux compactification of string/M-theory
indeed suggests that quantum gravity may manifest in 4 dimensions at low energy as just
such a landscape [3–9]. Whether the landscape includes tiny positive values of the CC, like
ours, depends on the distribution of vacuum energy densities across the landscape1.
A rough idea can be gotten by assuming a uniform distribution. The spacing between
vacuum energies then is the inverse of the total number of vacua in the landscape, 1/Nvac,
and so requisite number is Nvac & 10120. Estimates of Nvac from string compactifications
can easily exceed the ballpark value of 10120, essentially because of the fact that the relevant
special geometry compact manifolds have & 100 cycles, and the quanta of higher-form flux
wrapping said cycles it seems can be varied independently, at least within certain regimes;
1We should remark, this string landscape picture does have skeptics. There are certain fundamental ob-
stacles that stand in the way of identifying/explicitly constructing string vacua with specifically positive CC
[10, 11]. This has lead some to conjecture de Sitter (dS) vacua simply don’t exist in the landscape [12]. That
said, confidence in explicit dS constructions, mainly [13] which is based on lifting Anti-de Sitter vacua in a
systematic way, has steadily risen. Recent discoveries of dS solutions in (classical) massive IIA supergravity
involving orientifold planes also suggest the presence of dS in the landscape [14, 15]. Finally, the dS swampland
conjecture itself was found to result in fine-tuning problems by about 55 orders of magnitude by [16].
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say, over 10 integers.
Vacua are configurations of the effective fields that locally minimize the potential (in
the string/M-theory context, vacua correspond to choices for the internal manifold’s geom-
etry, and configurations of the supergravity fields that together locally minimize the energy
density). Though such configurations are perturbatively stable backgrounds to expand the
effective fields about, they need not be arbitrarily long-lived. Quantum fluctuations can cause
a vacuum configuration to decay, loosely speaking via the fields within regions of spacetime —
“bubbles” — tunneling into other, new vacuum configurations. Vacua that are not absolutely
stable are referred to as metastable.
In an anthropic solution, many (if not all) vacuum phases are populated by metastable
decay, and/or consequences thereof; for instance, the collision of multiple bubbles nucleated
at different spacetime locations [17–19]. Most spacetime patches contain no observers because
ρDE is outside the anthropically acceptable range. At the same time, it is not necessarily the
case that the remaining regions of small CC do contain observers.
The reason is because phase transitions to low CC vacua may or may not result in initial
conditions consistent with structure formation. For example, in a generic landscape bubble
nucleation is not followed by a period in which the spacetime in the interior of the bubble
inflates by a sufficient amount to reduce the spatial curvature inside the bubble to the degree
required for structure formation to follow [20]. Initial conditions can be influenced directly
by metastable vacuum decay processes, like in this example (bubble nucleation), or indirectly
via the consequences of successive decay events (like bubble collisions [21–23]).
In addition to understanding the decay channels to low CC vacua, we also need to un-
derstand those from low CC vacua. This is necessary because in addition to ensuring enough
inflation, we separately need to ensure the low CC universe survives for, in our case, 13.8
billion years. These examples illustrate that the viability of an anthropic solution is a com-
prehensive assessment that takes into account both the landscape under consideration, and
the mechanism(s) that populate its different phases. How phase transitions unfold in a
particular landscape, whether generated by string compactification or otherwise, determines
whether conditioning on structure formation renders our CC (and a universe like our own
more broadly) natural. Metastable vacuum decay particularly within the context of dynami-
cal spacetime is an essential piece of the puzzle, and is the subject we examine in this paper.
Metastable states can be studied using the Euclidean path integral. These methods
enable the calculation of a semi-classical decay rate Γ of the form,
Γ = Ae−B/~(1 +O(~)). (1.1)
The coefficients, A, and B, are defined in terms of a solution to the Euclidean equations
of motion known as “the bounce” [24, 25]. The bounce is a non-constant solution with
maximal symmetry that approaches the false vacuum asymptotically, and explores only the
barrier region. In the cases of particle tunneling in quantum mechanics (including theories of
multiple interacting particles), and vacuum decay in quantum field theory in flat space (for
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theories involving scalars and/or gauge fields, and given certain assumptions on the potential)
the bounce is known to be a degree-1 saddle point of the Euclidean action, SE [25–27]. In
other words, the differential operator appearing in the second variation of the Euclidean
action evaluated at the bounce has exactly one negative mode.
In a nutshell, Euclidean paths located a small distance away from the bounce in this neg-
ative mode direction produce an imaginary contribution to the false-vacuum-to-false-vacuum
Euclidean propagator, KE, when the technique of steepest descent is applied to the path
integral expression for KE. This imaginary term exponentiates once the analogous leading
order contributions to KE from the vicinities of multi-bounce paths are included. The decay
rate is associated specifically to the contributions from this subspace of the path integral’s
domain; namely to the asymptotics of their sum’s logarithm.
The result is an expression of the form (1.1), where B is the difference in Euclidean action
between the bounce and static false vacuum path, and A is a dimensionful factor involving
the spectra of the second variational derivative of SE, evaluated at the bounce, vs evaluated
at the static false vacuum path. This calculation is reviewed in detail in appendix A for
the case of particle tunneling in quantum mechanics, with particular attention to the use of
steepest descent.
For a system that is initially in an approximately stationary state, the bounce computes
a rate reflective of how the time-evolved probability amplitude leaks through a finite height
potential barrier. For example, for the quantum particle system shown in figure 1, the bounce
tells us about the dynamics of the ground state of the related harmonic oscillator system when
it is evolved by the actual system’s Hamiltonian. The bounce is accurate in describing the
loss in probability from the well region,
∫∞
x∗ dx|ψ(t, x)|2 ≈ 1 − e−Γt, during the initial time
period, before any non-decay phenomena like reflection of the probability amplitude back into
the well have time to occur.
Conservation of V − m2 x˙2 in the Euclidean theory, where the dot refers to derivatives with
respect to Euclidean time, τ = −it, implies that B works out to
B =
∫ x∗
xA
dx
√
2m(V (x)− VA), (1.2)
where xA is the position of the local minimum, VA is its potential, and x∗ is the point
of equipotential with xA across the barrier. The fact that the path integral calculation
we’ve described recovers the correct exponential dependence of the transmission coefficient
computed in the WKB approximation is strong evidence for trusting instanton methods, at
least within certain parameter regimes, to characterize decay phenomena. We briefly review
the extension of these methods to field theory (which some readers may wish to skip) before
presenting a simple means of organizing Coleman-De Luccia (CDL) decays, the purpose of
this paper.
3
1.1 Field theory
The formulation of the particle’s WKB/semiclassical tunneling rate in terms of a path integral
is powerful because it can be generalized to field theory, including the case where the spacetime
metric is allowed to fluctuate along with matter fields [28]. Vacuum decay in field theory is
still fundamentally a tunneling phenomenon. In quantum mechanics, fluctuations through a
potential barrier in position space mediate transitions out of a false vacuum state, while in
field theory it is fluctuations in the field configuration(s) — nevertheless through potential
barriers — that mediate transitions. The association of an imaginary contribution to KE from
the vicinity of the analogous degree-1 saddle points of SE in field theory, instantons, carries
over. This subsection reviews how things work in the context of field theory in flat space.
In subsection 1.2 we review the approach of CDL to incorporating gravitational effects, and
set-up the framework used throughout the rest of this paper.
An instanton is a non-constant solution of the Euclidean equations of motion that starts
and ends in the false vacuum. The Euclidean path integral computation in field theory assigns
a semi-classical decay rate to the metastable vacuum configuration of identical form as for
the quantum particle,
Γ = Ae−B/~ (1 +O(~)) . (1.3)
B is still the difference in Euclidean actions between the instanton and static false vacuum
state,
B = SE, inst − SE, f.v. (1.4)
where SE is now a functional of field configuration(s), while the field theory generalization of
A is,
A =
B2
4pi2~2
(√
det(S′′E, f.v.)
det′(S′′E, inst)
)
, (1.5)
where det′ signifies the product of the magnitudes of nontrivial eigenvalues. A has dimensions
of inverse 4-volume because of the square-root factor. The bounce in flat space has four zero
modes, corresponding to shifts of its center in R4. Therefore, det′(S′′E, inst) contains four fewer
eigenvalues relative to det(S′′E, f.v.). The eigenvalues of the operator appearing in S
′′
E, for
instance in a single scalar field theory expanded about background φ the operator,
−∆(4) + V ′′(φ), (1.6)
have units of inverse length squared, so the square-root factor in (1.5) indeed has units of
length−4. ∆(4) in (1.6) denotes the Laplacian in R4.
These identifications for A and B hold in so far as a saddle approximation to the path
integral is valid, and the instanton has one negative mode. How to handle the case of multiple
negative modes, in general, is unclear. Some believe these never describe decay channels
because they attribute one factor of i to each negative mode of the single-bounce contribution
to KE. It seems at least conceivable that the application of steepest descent for multi-
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negative mode single-bounces is more subtle, and that correctly doing so resolves the matter
by producing an overall phase factor of i instead of ik, where k is the number of negative
modes per single-bounce. In fact, if it is truly the case that the ik treatment of degree-k
single-bounce saddles is correct, k > 1 that happen to have k (mod 4) = 1 would be perfectly
acceptable. This condition strikes as somewhat arbitrary. Yet, it’s likewise possible that this
skepticism is misguided, so we take an agnostic position on whether multi-negative mode
single-bounces describe decay. A simple way for all degree k > 1 instantons in a theory to not
be associated with decay channels would be for the steepest descent contour to not encounter
them.
What is typically viewed as a safe assumption is that the lowest Euclidean action in-
stanton describes the dominant phase transition out of a given vacuum, since a more subtle
application of steepest descent would nevertheless produce a factor of e−B/~ relative to the
zero point correction to the false vacuum energy. The lowest Euclidean action instanton is
typically expected to be that with maximal symmetry. This is proven for a scalar field φ
in Minkowski space (given certain assumptions on the potential), where the bounce is an
O(4)-symmetric extremum of SE [29]. The O(4)-symmetric bounce indeed has one negative
mode, which itself is O(4)-invariant. This radial mode corresponds to expanding/contracting
the bounce, just as the negative mode does in the quantum mechanics case.
Concretely, the generalization of the bounce to a theory involving a single scalar φ in flat
space,
S =
∫
d4x
1
2
(
∂φ
∂t
)2
− 1
2
|∇φ|2 − V (φ) (1.7)
goes as follows. The equation of motion in τ = −it reads,
∆(4)φ =
dV
dφ
. (1.8)
O(4) symmetry of the bounce is imposed by taking φ(τ, ~x) = φ(ρ) where ρ is the radial
coordinate of the R4 in spherical coordinates ρ =
√
τ2 + |~x|2,
ds2E = dρ
2 + ρ2dΩ2, (1.9)
dΩ is the line element on S3. The Euclidean equation of motion becomes,
φ′′ +
3
ρ
φ′ =
dV
dφ
, (1.10)
with primes denoting derivatives with respect to ρ.
Let the potential V have a local minimum at φA. The bounce describing decay out of
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φA is a solution to (1.10) that satisfies the boundary conditions,
lim
ρ→∞φ(ρ) = φA (1.11)
φ′(0) = 0. (1.12)
The center of the bounce is at ρ = 0; it is the analog of T/2 in the quantum mechanics case
discussed in appendix A. These boundary conditions only permit a non-trivial solution if the
velocity in the infinite past (whose magnitdue is vanishingly small) points in the direction of
a finite height potential barrier.
Equation (1.10) is the equation of a classical particle in one dimension rolling in the
inverted potential, under the influence of a damping term. The position of this auxiliary
particle is φ, the time of the auxiliary theory is ρ, and the coefficient of the damping term is
“time”-dependent, 3ρ . (the damping term is simply an artifact of writing the 4-dimensional
Laplacian in spherical coordinates.)
The qualitative features of the bounce are similar to those in the quantum mechanics
case. There is a unique location φ∗ on the other side of the barrier such that, if released from
this position at ρ = 0 with zero velocity, the auxiliary particle rolls through the valley of −V
in finite time and comes to rest at φA asymptotically. The φ∗ is strictly beyond the point of
equipotential with φA due to the fact that the particle loses energy because of the damping
term. The trajectory obtained by even reflection across ρ = 0, i.e. a full roundtrip, describes
a particle that comes in from φA from the infinite past, bounces off the barrier at location φ∗
at time ρ = 0, and returns to φA in the infinite future.
There is a particular parameter regime that can be studied analytically, namely that
where a true vacuum φB lies on the other side of the barrier, and the barrier is high/broad
relative to the difference in vacuum energies ∆V = VA − VB. The damping term in (1.10)
turns out to have a small effect in this setting. Qualitatively, the bounce trajectory consists
of two exponentially flat portions — one of finite length R with φ approximately in φB, and
the other of arbitrarily large size with φ approximately equal to φA — joined by a smooth,
monotonic function of width w  R. The wall profile is well-approximated by the soliton of
an associated theory in which the vacua are exactly degenerate (the soliton should be scaled
and shifted to interpolate between the φ values of the non-degenerate theory’s local minima).
An example is shown in figure 2.
For such a piece-wise defined φ, B can be estimated as,
B = 2pi2
∫ R
0
dρ ρ3
(
1
2
φ′2 + V (φ)− VA
)
(1.13)
≈ pi
2
2
R4(VB − VA) + 2pi2σR3. (1.14)
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Figure 2: Left: double-well potential. Middle: Inverted potential. Right: thin-wall bounce for the
potential pictured.
where σ is the action of the aforementioned 1-dimensional soliton,
σ =
∫ φ2
φ1
dφ
√
2(U(φ)− U0). (1.15)
U is the associated degenerate theory’s potential, and φ1 and φ2 are the locations of its two
minima, U(φ1) = U(φ2) = U0. Only R values that extremize B in (1.14) correspond to
solutions of the Euclidean equation of motion.
B′ = −2pi2R3∆V + 6pi2σR2 = 0 (1.16)
has one nontrivial solution, R = 3σ/∆V , where ∆V = VA−VB. This extremum is a maximum
of (1.14), and is referred to as the thin-wall radius. Varying R, which grows or contracts the
bounce, corresponds to going off -shell, albeit in a manner that maintains O(4) symmetry
and interpolates back and forth between the two vacua. The fact that this deformation away
from the bounce decreases the Euclidean action reflects the presence of a negative mode of
S′′E evaluated at the bounce. The spectrum, in fact, contains only one negative mode, and
it is this O(4)-symmetric deformation associated with expansion/contraction of the bounce,
the result we mentioned a moment ago.
When the bounce is continued to Lorentzian time, it takes the form of a spatially spher-
ically symmetric field configuration, a 3-dimensional bubble of φ ≈ φB separated from a
surrounding region in φA. The thin-wall radius R is the radius of the bubble at its moment of
nucleation. The bubble wall nucleates at rest, and subsequently accelerates outward, convert-
ing an ever-growing surrounding region of φA into φB. O(4) symmetry translates to SO(3, 1)
invariance of the wall’s trajectory.
In general, the width of a soliton is given by integrating 1√
2(U(φ)−U0)
over a φ-interval
between φ1 and φ2 that contains a significant enough fraction of the barrier’s height given one’s
standard of accuracy; “standard of accuracy” meaning how closely one requires U(φsoliton(±w))
to be to U0 to be considered outside of the wall. For a barrier of height H = Upeak −U0 that
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is well-described by a quadratic, the width can be estimated by,
w ≈ 2
∫ a
0
dφ
(
2(H − 1
2
U ′′peakφ
2)
)−1/2
, where a =
√
2H/U ′′peak (1.17)
=
pi
2
√
U ′′peak
. (1.18)
Using the quadratic approximation for U in the soliton action, on the other hand, gives
σ ≈ Hpi
2
√
U ′′peak
. (1.19)
Therefore, an estimate of wσ is the inverse of the barrier height,
1
Vh
, and the regime of validity
of the thin-wall approximation is Vh  ∆V .
1.2 Bounces in gravity
To allow for gravitational effects, begin by adding to the scalar action the Einstein-Hilbert
term and requisite boundary terms,
S =
∫
d4x
√−g
(
1
2
∂µφ∂
µφ− V (φ)− 1
16piG
R
)
+ BTs (1.20)
where G is Newton’s constant, and R is the curvature scalar of the spacetime defined by
metric gµν whose signature is +−−−. We make the same ansatz of O(4) symmetry for the
lowest action instanton. The most general Riemannian metric of this form is2,
ds2E = dξ
2 + ρ(ξ)2dΩ2. (1.21)
To impose O(4) symmetry take,
φ = φ(ρ(ξ)). (1.22)
Evaluating the Euclidean action on an O(4)-symmetric configuration, and integrating
over the 3-sphere yields,
SE, eff = 2pi
2
∫
dξ
(
ρ3
(
1
2
φ′2 + V
)
+
3
κ
(
ρ2ρ′′ + ρρ′2 − ρ)) (1.23)
where we have excluded boundary terms, and used κ ≡ 8piG. Only two of the Euclidean
equations of motion are independent once O(4) symmetry is imposed. They can be expressed
2Note that there is a gauge degree of freedom associated with rescalings of ξ.
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as,
ρ′ 2 = 1 +
1
3
κρ2
(
1
2
φ′2 − V (φ)
)
(1.24)
φ′′ +
3ρ′
ρ
φ′ =
dV
dφ
(1.25)
where primes indicate derivatives with respect to ξ. We are only ever interested in B =
SE, inst − SE, A, hence any boundary terms from (1.23) cancel. The action (1.23) evaluated
on a solution to (1.24) and (1.25) (excluding boundary terms) is given by,
SE, on-shell = 4pi
2
∫
dξ
(
ρ3V − 3ρ
κ
)
. (1.26)
Vacuum solutions are those with a homogeneous φ that locally minimizes V , and a ρ that
solves,
ρ′ 2 = 1− κVvac
3
ρ2. (1.27)
Defining `2 = (3/κ|Vvac|), (1.27) can be expressed as,
ρ′ 2 ± ρ2/`2 = 1, (1.28)
where the sign is given by whether the vacuum energy is positive or negative — plus for
Vvac > 0, minus for Vvac < 0. For the first case, de Sitter (dS), (1.28) is the equation of the
unit circle. Setting the origin of the Euclidean signature spacetime at ξ = 0, we find the
solution
ρdS(ξ) = ` sin(ξ/`).
The full metric (1.21) is therefore that of a 4-sphere with radius `.
Keeping the choice ξ = 0 for the origin we find the solution
ρAdS(ξ) = ` sinh(ξ/`)
for negative vacuum energies, and therefore recognize Euclidean Anti-de Sitter (AdS) as a
hyperboloid. Whereas the range of ξ for dS is [0, pi`], that for AdS is R+. For the Minkowski
case, the solution to (1.27) is ρ(ξ) = ξ, and we recover the spherically symmetric flat metric
(1.9) (i.e. ρ = ξ is the radius in spherical coordinates on R4). In our paper’s analysis, it
suffices to consider only dS and AdS vacua for parent/daughter vacua because Minkowski
vacua can be obtained as a limit of either; VdS → 0+, or VAdS → 0−.
Thin-wall field configurations consist of pairs (φ, ρ) with φ resembling the approximately
9
piece-wise constant (but continuous and monotonic) functions we described in subsection 1.1,
φ(ρ;R) ≈
{ φB 0 < ρ / R
φw(ρ) ρ ≈ R
φA ρ ' R
(1.29)
where φw is a soliton-like function centered at R, like the one pictured in figure 2, along with
an approximately piece-wise defined ρ(ξ),
ρ(ξ) ≈
{
ρvac(ξ;VB) 0 < ξ ≤ ξ∗
ρvac(ξ − δ;VA) ξ ≥ ξ∗ (1.30)
where ρ(ξ∗) = R. On either side of the wall, the radial metric function ρ(ξ) takes the
vacuum solutions because φ′ ≈ 0 and V ≈ VA or VB. The spacetime manifold in Euclidean
signature needs to be connected, so a shift in the argument ξ in (1.30) is required so that ρ
is continuous. R is viewed as a parameter that fixes ξ∗ via ρvac(ξ∗;VB) = R. Note that for
the VB > 0 case, there are two choices for ξ∗ allowed, a priori. ξ∗ can lie in the northern
hemisphere, 0 < ξ∗/`B < pi/2, or the southern, pi/2 < ξ∗/`B < pi. The coordinate shift δ is
fixed by ρvac(ξ
∗ − δ;VA) = R. Likewise, δ has two choices if VA is positive. For example,
one option for a dS-to-dS configuration consists of a less-than-quarter-wavelength oscillation
of the VB sine function starting at the origin, connected to a less-than-quarter-wavelength
oscillation of the VA sine function. The different options for ξ∗ and δ correspond to whether
less, or more, than a hemisphere of the B dS is connected to less, or more, of a hemisphere of
the A dS.
A patched field configuration (φ, ρ) that corresponds to a solution to the Euclidean equa-
tions of motion may, or may not exist given the values of the two vacuum energies, VA and
VB, the wall tension σ, and the option/type of patched spacetime geometry implied by ξ∗
and δ. We will determine which parameter regimes allow for an O(4)-symmetric bounce by
determining when B′(R) = 0 has a nontrivial solution, for all choices of vacuum pairs and
options for the instanton geometry.
To that end, we define a function that captures the contribution to SE from vacuum
patches. For an AdS vacuum, ρ′ is positive for all ξ so we take the positive square root of
(1.27) to relate dξ and dρ by,
dρ =
√
1− κVρ
2
AdS
3
dξ. (1.31)
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We therefore obtain the contribution
F1(V,R) ≡ 4pi2
∫ ξ∗
0
dξ
(
ρ3AdS(ξ)VA −
3ρAdS(ξ)
κ
)
(1.32)
= −12pi
2
κ
∫ R
0
dρ ρ
√
1− ρ2κV
3
(1.33)
=
12pi2
κ2V
((
1−R2κV
3
)3/2
− 1
)
. (1.34)
Since V < 0 in AdS, this is equivalent to F1(V,R) = − 12pi2κ2|V |
((
1 + R
2
`2AdS
)3/2 − 1).
There are two types of dS patches — a less than a hemisphere-sized patch, or a more
than a hemisphere-sized patch. We refer to the former as a “cap” of the dS, and the latter as
a “bulb.” The contribution to SE from a cap takes identical form to that of the AdS patch
because ρ′dS is positive in the northern hemisphere. The only difference for a dS cap is that
F1(V,R) is evaluated with positive V , resulting in
F1(V,R) =
12pi2
κ2V
((
1− R
2
`2dS
)3/2
− 1
)
.
We refer to F1 in equation (1.34) as the cap function regardless of the sign of V with which
it is evaluated.
The contribution from a bulb of dS is simply the Euclidean action of the full 4-sphere
minus the contribution from a cap,
F2(V,R) = SE[full dS]− F1(V,R) (1.35)
= 2F1(V, `dS)− F1(V,R) (1.36)
= −24pi
2
κ2V
− F1(V,R). (1.37)
This follows from breaking the integral (1.26) into a contribution from the northern hemi-
sphere where ξ/` ∈ [0, pi/2] and ρ′ > 0, and the contribution from the remaining interval in
the southern hemisphere ξ/` ∈ [pi/2, ξ∗/`], where ρ′ < 03.
3Trade integration variables using the short-cut provided by (1.25) while properly taking into account the
sign of ρ′:
F2(VA, R) = −12pi
2
κ
∫ `dS
0
dρ ρ
√
1− ρ2κV/3 + 12pi
2
κ
∫ R
`dS
dρ ρ
√
1− ρ2κV/3
= F1(VA, `dS) +
12pi2
κ
∫ R
`dS
dρ ρ
√
1− ρ2κV/3
= −12pi
2
κ2V
(
1 +
(
1− κV R
2
3
)3/2)
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Finally, we define the square-root function appearing in F1(V,R) as follows,
f(V, x) =
√
1− κV x2/3 (1.38)
F1(V, x) =
c1
V
(
f(V, x)3 − 1) (1.39)
where c1 is the constant
12pi2
κ2
. The purpose of this paper is to organize the different kinds
of thin-wall CDL instantons within a framework that simplifies their analysis. In order to
consider uptunneling and downtunneling transitions systematically, we adopt the convention
that the ξ < ξ∗ region of a thin-wall configuration always signifies the new — or, “daughter”
— vacuum configuration, while ξ > ξ∗ signifies the original —or, “parent” — vacuum con-
figuration. A subscripts label the parent, and B subscripts label the daughter, regardless of
which has higher energy density.
For all choices of parent-daughter vacuum pairs, and a priori allowed thin-wall bounce
geometries, we first identify the subset of 4-geometries that can ever correspond to an O(4)-
symmetric extremum of SE. Then we derive conditions on the relative values of the vacuum
energies and thin-wall tension in order for the solution to exist. The conditions take the form
of inequalities; for each type of bounce they separate the (VA, VB, σ) parameter space into
a region for which a nontrivial solution to B′(R) = 0 exists, from the region for which it
does not. These inequalities follow from the monotonicity properties of f(V, x) (for positive
V , and for negative V ) alone. For dS-dS bounces we recover the distinction between type-A
and type-B instantons, wherein the former have the traditional O(4)-invariant negative mode
associated with expansion/contraction of the bounce, and the latter do not.
Our goal is to apply this framework in the future to study aspects of CDL transitions
whose understanding is less straightforward. These include the potential recovery of O(4)-
invariant negative modes for type-B instantons, evidence of which was found can occur by [30]
and [31], and the possible resolution of obscurities arising in the decay rates of dS parents.
There are ambiguities interpreting the negative modes of gravitational instantons. Orig-
inally, [32] found that gravity seems to allow for bounces with an infinite tower of negative
modes, and argued that this indicates the breakdown of the WKB approximation. [33] used
both a Hamiltonian formalism and the Wheeler-De Witt equation to argue that the break-
down of WKB was superficial, and the result of [32]’s choice of gauge. It was further argued
in [34] that this Hamiltonian formulation of the action implied there were no negative modes
associated with gravitational degrees of freedom. The Hamiltonian formalism was used by
[35] to clarify the matter of negative modes for a class of CDL, and Hawking-Moss instantons,
finding a single negative mode was present. [35] also recover a negative mode for Hawking-
Turok constrained instantons by using a particular regularization.
Many groups [36–42] have studied issues involving the negative modes of gravitational
instantons, and clarified different aspects of the matter. Nevertheless, how we ought to
interpret gravitational instantons, especially in describing decays from dS parents, has not
been definitively settled.
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2 dS-dS transitions
The Euclidean action for a thin-wall configuration (1.29)-(1.30) consists of three pieces —
the vacuum contributions from the regions on either side of the wall, plus the contribution
from the wall. For a given parent-daughter pair of dS vacua, there are four different types
of thin-wall configurations possible. We can connect a cap of the daughter to a bulb of the
parent, a bulb of the daughter to a cap of the parent, two caps, or two bulbs. Parameterized
in terms of the radius of the 3-sphere at juncture, ρ(ξ∗ = R), their Euclidean actions differ
from the homogeneous parent configuration by4,
Bcap-to-bulb = F1(VB, R) + F2(VA, R) +Bwall − (F1(VA, R) + F2(VA, R))
= F1(VB, R)− F1(VA, R) +Bwall. (2.1)
Bcap-to-cap = F1(VB, R)− F2(VA, R) +Bwall
Bbulb-to-cap = F2(VB, R)− F2(VA, R) +Bwall
Bbulb-to-bulb = F2(VB, R)− F1(VA, R) +Bwall.
where Bwall = 2pi
2σR3 and σ is the tension of the thin wall (defined in terms of the 1-
dimensional soliton action of an associated degenerate version of the theory). Using F2(V,R) =
−24pi2
κ2V
− F1(V,R) results in,
Bcap-to-cap = F1(VB, R)− (SE[A]− F1(VA, R)) +Bwall
= F1(VB, R) + F1(VA, R) +Bwall − SE[A] (2.2)
Bbulb-to-cap = (SE[B]− F1(VB, R))− (SE[A]− F1(VA, R)) +Bwall
= F1(VA, R)− F1(VB, R) +Bwall + SE[B]− SE[A] (2.3)
Bbulb-to-bulb = (SE[B]− F1(VB, R))− F1(VA, R) +Bwall
= −F1(VA, R)− F1(VB, R) + SE[B] +Bwall. (2.4)
The Euclidean spacetime geometries for each of these four types are shown schematically in
figure 3.
To see which of these piece-wise geometries can approximate extrema of SE, we need to
determine whether ∂B/∂R vanishes at any nontrivial R within the physical domain, R ∈
(0,Min(`A, `B)). The cap function F1 is a monotonically decreasing function of R,
F1 =
c1
V
(
f(V,R)3 − 1) (2.5)
where the constant c1 =
12pi2
κ2
, and recall f(V,R) ≡√1− κV R2/3. For positive values of V ,
f is a decreasing function of R, making F1 a decreasing function as well. (For negative values
4We use the convention that the word preceding “to” in a hyphenated name, “X-to-Y”, always describes
the region of new vacuum, ξ < ξ∗, while the word following “to” refers to the region of unchanged vacuum,
ξ > ξ∗. For example, a bulb-to-cap configuration consists of a bulb of VB connected to a cap of VA.
13
VA < VB
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Figure 3: The four different thin-wall configurations that can be constructed for a pair of dS vacua,
red lines are for the daughter patch B, gray are for the parent region A. The top row would describe
up-tunneling (left to right: cap-to-cap, cap-to-bulb, bulb-to-cap, bulb-to-bulb). The bottom row would
down-tunneling possibilities (same order). They are not drawn keeping ρ(ξ∗) necessarily constant, as
at this point they merely represent possibilities for dS-dS bounces.
of V , f is an increasing function, but the sign of the overall factor c1V is negative, making F1
again a decreasing function. This will be useful in section 3.)
This immediately eliminates the bulb-to-bulb geometry because its decay exponent is
the sum of three monotonically increasing functions: −F1(VA, x), −F1(VB, x) and the cubic,
Bwall, (plus the constant SE[B], which is irrelevant to this argument), and so it is not possible
to have vanishing B′. Solely based on the monotonicity of F1 and Bwall, the remaining
three geometries cannot be eliminated because each of their tunneling exponents involve
a combination of at least one monotonically increasing and one monotonically decreasing
function.
Proceed by considering a difference in cap functions, F1(V, x) − F1(V˜ , x). This is a
monotonically decreasing function of x for V < V˜ , and a monotonically increasing one for
V > V˜ . This can been seen from its derivative with respect to x,
∂(F1(V, x)− F1(V˜ , x))
∂x
= c1κx(f(V˜ , x)− f(V, x)). (2.6)
Apart from the origin where the two f square root functions coincide, the difference f(V˜ , x)−
f(V, x) is strictly negative if V˜ > V , and strictly positive if V > V˜ . The negativity of
f(V˜ , x)− f(V, x) when V˜ > V implies F1(V, x)−F1(V˜ , x) decreases monotonically over [0, ˜`]
because (2.6) is negative. If instead V˜ < V the same reasoning implies F1(V, x)−F1(V˜ , x) is
monotonically increasing, though notice the physical interval is now defined as [0, `]. At the
origin, x = 0, the slope of F1(V, x)− F1(V˜ , x) is zero.
Due to the monotonically increasing contribution, Bwall, the cap-to-bulb geometry must
have F1(VB, x) − F1(VA, x) decreasing in order for B is to have an extremum. Given our
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observation about the difference in two cap functions, VA < VB decays (i.e. uptunneling) are
ruled out for the cap-to-bulb geometry. The bulb-to-cap case, on the other hand, involves the
opposite difference, F1(VA, x)−F1(VB, x) and thus downtunneling is ruled out for this bubble
geometry. We shall shortly see that these describe the same bubble, as expected, only with
the “inside” and “outside” labels assigned in the opposite manner. The cap-to-cap geometry
instead involves the sum of two cap functions, as opposed to their difference. We’ll return
to this case after we finish with the analysis for cap-to-bulb downtunneling, and bulb-to-cap
uptunneling.
The derivatives of B for these work out to,
B′cap-to-bulb = c1κx(f(VA, x)− f(VB, x) + σκx/2) (2.7)
B′bulb-to-cap = c1κx(f(VB, x)− f(VA, x) + σκx/2). (2.8)
To take into account the restriction — downtunneling for cap-to-bulb, and uptunneling for
bulb-to-cap — we’ll express things in terms the lower and higher dS vacuum energies, V0
and V0 + ∆V , where ∆V > 0. The restriction means making the assignment VB = V0 and
VA = V0 + ∆V for cap-to-bulb, and the opposite assignment for bulb-to-cap, VB = V0 + ∆V
and VA = V0. With this notation we see that the B′ for these two processes — cap-to-bulb
downtunneling and bulb-to-cap uptunneling — are the same,
B′cap-to-bulb, down = B
′
bulb-to-cap, up = c1κx(∆f + σκx/2) (2.9)
where ∆f ≡ f(V0 + ∆V, x)− f(V0, x). Thus, their B’s are extremized at the same R values,
making their patched configurations identical under reflection of ξ across ξ∗. The values of
B, of course, are not the same. They differ, by construction, by SE[V0]−SE[V0 + ∆V ]; in line
with detailed balance5.
Consider the Taylor expansion of f(V, x) near the origin,
f(V, x) = 1− κV
6
x2 +O(x3), (2.10)
and so ∆f ≈ −κ∆V6 x2. The positive linear term σκx/2 in (2.9) coming from the wall con-
tribution therefore dominates ∆f near the origin. With the overall factor of x in (2.9), this
causes B′ to be an increasing function from zero near the origin,
B′ ≈ 1
2
c1κ
2σx2.
5This can be seen by comparing expressions (2.1) and (2.3).
Bcap-to-bulb, down −Bbulb-to-cap, up =F1(V0, R)− F1(V0 + ∆V,R) +Bwall
− (F1(V0, R)− F1(V0 + ∆V,R) +Bwall + SE[V0 + ∆V ]− SE[V0])
= SE[V0]− SE[V0 + ∆V ]
By the shorthand SE[V ] we mean the Euclidean action of a full dS 4-sphere for vacuum energy density V .
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For there to exist an extremum at nontrivial x, ∆f needs to become more negative than
−σκx/2 somewhere in the physical interval. Proceed by pulling out the factor of κσx/2 in
B′,
B′ = c2x2
(
∆f
κσx/2
+ 1
)
(2.11)
with c2 ≡ κ2σc1/2 = 6pi2σ. Define the function Z(x) ≡ ∆fκσx/2 , parameterized by V0, ∆V , and
σ.
Z is monotonically decreasing with x, and negative everywhere aside from the origin,
where Z = 0 (recall ∆f is a negative quadratic there). Hence, B has at most one nontrivial
extremum. It exists if Z < −1 anywhere in the interval [0, `+], where `+ is the smaller of
the dS radii: `+ =
√
3/(κ(V0 + ∆V )). This extremum — if it exists — is necessarily a local
maximum due to the monotonicity of Z, and the fact that B′ > 0 for small, but nonzero x.
In other words, if B′ crosses zero at some R > 0, it changes sign from positive to negative,
signifying the presence of a local maximum of B. The existence of the local maximum can
be guaranteed by simply evaluating Z(x = `+) and seeing if it is less than −1.
That Z is monotonically decreasing can be seen from the fact that ∂Z/∂x,
∂Z
∂x
=
2
σκ
[(
V0κ/3
f0
+
f0
x2
)
−
(
V+κ/3
f+
+
f+
x2
)]
(2.12)
=
2
σκx2
[(
x2V0κ/3 + f
2
0
f0
)
−
(
x2V+κ/3 + f
2
+
f+
)]
(2.13)
=
2
σκx2
(
1
f0
− 1
f+
)
, (2.14)
is negative everywhere in the physical interval6. This follows from the fact that f0 =√
1− x2V0κ/3 is larger than f+ =
√
1− x2V+κ/3 because V0 < V+ = V0 + ∆V . Thus,
1
f0
< 1f+ , making ∂Z/∂x < 0 by equation (2.14). Therefore, Z is monotonically decreasing
over the physical interval, as claimed.
Now we’ll find the most negative value of Z by evaluating at x = `+. Here ∆f =
0−
√
1− `2+/`20, so
Z(`+) = −
√
1− `2+/`20
κσ`+/2
. (2.15)
This is only less than −1 if,
σ <
2
κ
√
1
`2+
− 1
`20
. (2.16)
6Z′ is finite at the origin because (f0 − f+)/x2 = −∆f/x2 ∼ +κ|∆V |/6 is finite. Indeed Z′ < 0 here
because:
Z′(0) =
2
σκ
[
1
`20
− 1
`2+
+
κ∆V
6
]
=
2
σκ
[
κV0
3
− κ(V0 + ∆V )
3
+
κ∆V
6
]
=
2
σκ
(
−κ∆V
6
)
< 0
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Since the right-hand side depends only on the vacuum energies, we recognize that for each
pair of dS vacua there is a threshold value for the tension σ above which instantons with the
cap-to-bulb/bulb-to-cap geometry cease existing.
Table 1: Summary of dS-dS bounces.
geometry σ < 2κ
√
1
`2+
− 1
`20
σ > 2κ
√
1
`2+
− 1
`20
for varying R decreases SE?
cap-to-bulb
VB > VA N/A
VA > VB yes
bulb-to-cap
VB > VA yes
VA > VB N/A
cap-to-cap
VB > VA no
VA > VB no
bulb-to-bulb
VB > VA N/A
VA > VB N/A
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Next we turn to the cap-to-cap geometry. Its B′ involves the sum of two f functions,
instead of their difference ∆f , becauseBcap-to-cap involves the sum of parent and daughter F1’s,
as opposed to their difference. Expressed in terms of the average f¯(x) ≡ f(V0,x)+f(V0+∆V,x)2 ,
we have
B′cap-to-cap = c1κx
(−2f¯(x) + σκx/2) . (2.17)
This holds for both up and downtunneling because the sum of the F1’s is symmetric under
A ↔ B. Note that Bcap-to-cap, up and Bcap-to-cap, down again differ, by construction, by SE[V0]−
SE[V0 + ∆V ].
The function−2f¯(x) is monotonically increasing from−2 at x = 0 because f functions are
monotonically decreasing from +1 for positive vacuum energies. −2f¯(x) therefore dominates
the linear wall term σκx/2 in (2.17) near the origin, making B′ negative for small, but nonzero
x. Notice that the extremum of B exactly at the origin, which is a consequence of B′ in (2.17)
containing an overall factor of x, corresponds to a local maximum of B because,
B′cap-to-cap ≈ c1κx
(−2(1 +O(x2)) + σκx/2)
B′′cap-to-cap|x=0 = −2c1κ < 0.
As we move to the right from zero, B(x) decreases (we are on the side of a hill). We will
show that aside from the origin there is at most one additional turning point of B, a local
minimum.
Due to the monotonicity of −2f¯(x), the term in parenthesis in (2.17) is a monotonically
increasing function that starts off with a negative value. For this reason B′ will either even-
tually become zero again, after which it continues to increase taking only positive values, or
we will reach the size of the smaller dS radius. Consequently, the local maximum in B at
the origin is either followed by a local minimum (B′ changes from negative to positive across
the extremum), or no extremum at all. Hence it suffices to evaluate −2f¯ where it takes its
largest value — at the maximum value of x in the physical domain, `+ — and see whether it
is large enough to make B′ > 0. That is, impose
− 2f¯(`+) > −σκ`+/2. (2.18)
Since 2f¯(`+) = f0(`+) =
√
1− `2+/`20, we find the condition,
σ >
2
κ
√
1
`2+
− 1
`20
. (2.19)
Inequality (2.19) is precisely the reverse of the condition we found for the instanton
involving a cap connected to a bulb to exist, (2.16). This indicates that for any pair of dS
vacua and value of the tension, there exists a spherically symmetric thin-wall configuration
interpolating between the two whose wall follows an SO(3, 1)-invariant trajectory in the
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Lorentzian theory. If the tension is below the threshold,
2
κ
√
1
`2+
− 1
`20
(2.20)
the configuration corresponds to an instanton that has the traditional expansion/contraction
negative mode in the Euclidean theory, whereas if the tension is above the threshold the
configuration corresponds to an extremum of SE that does not have this negative mode. The
former are referred to in the literature as type-A instantons, while the latter are referred to
as type-B. Our results are summarized in table 1.
ℓA
B
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Figure 4: For a fixed pair of dS energies V0, and V0 + ∆V , plots of the cap-to-bulb B (left) and
Z + 1 (right) are shown in gray for two choices of the tension, σ1 and σ2. The solid gray lines are for
σ1, which satisfies inequality 2.16, while the dashed gray lines are for σ2, which does not. Shown in
pink on the same sets of axes are the analogous quantities for the cap-to-cap bounce, for the same σ
values. We have used solid pink lines for the cap-to-cap bounce with σ2 (which satisfies its inequality,
2.19 because it is the reverse of 2.16). The cap-to-cap functions using σ1 are shown in dashed pink.
By Z for cap-to-cap we mean the function −2f¯κσR/2 . Finally, for the cap-to-bulb instanton with σ1 we
have scaled B by a factor of 10 so that the maximum is easier to see.
.
3 Decays to AdS
3.1 AdS-AdS transitions
First we consider the case where both the parent and daughter vacua are AdS. Labeling the
parent by the A subscript as usual, begin with
BAdS-AdS = SE[inst]− SE[A]. (3.1)
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Figure 5: Representations of the type-A bounce (left), and type-B bounce (right) as 2-manifolds
embedded in R3. Type-A involves a cap and bulb, whereas type-B involves two caps. The ξ coordinate
runs longitudinally around each manifold. For the downtunneling transitions, the centers of the
bounces (ξ = 0) are located at the centers of the northern caps. For uptunneling, they lie is at the
centers of the southern patches. Surfaces of constant ξ are circles drawn latitudinally (the height of
the horizontal plane containing the circle is indicative of ξ). The radius of such a circle is ρ(ξ), and
each circle should be interpreted as a 3-sphere.
The ξ coordinate-range for AdS is [0,∞). The parent action diverges like,
SE[A] = lim
ξ→∞
−4pi
2`2
κ
(
cosh3(ξ/`)− 1) = −∞.
Despite the infinite AdS action, B may nevertheless be finite because the divergence can
be canceled by the contribution to the instanton action from the ξ > ξ∗ region, where ρinst is
exponentially close to ρA. Specifically, only a 4-geometry consisting of a finite patch of the
B AdS connected to the complement of the analogous finite patch for the A AdS results in a
finite B. It can be computed as follows. Denoting the ρ value at the position of the wall by
x,
SE[A] = F1(VA,∞) = F1(VA, x) + 4pi2
∫ ∞
ρ−1A (x)
dξ
(
ρ3AVA −
3ρA
κ
)
(3.2)
and
SE[inst] = F1(VB, x) +Bwall + 4pi2
∫ ∞
ρ−1A (x)
dξ
(
ρ3AVA −
3ρA
κ
)
, (3.3)
so the difference is,
Bpatch-to-comp = F1(VB, x)− F1(VA, x) +Bwall. (3.4)
The form of (3.4) is identical to the cap-to-bulb case for dS-dS instantons. The only
difference is that the energy densities VA and VB take negative values now. Just as it was
for positive energies, the function F1(VB, x) − F1(VA, x) is monotonic with x for negative
energies. The criteria determining whether F1(VB, x)− F1(VA, x) is increasing or decreasing
is the same: for VB < VA the difference is monotonically decreasing, and for the reverse it is
increasing7. Thus, uptunneling between the two AdS is ruled out (B for such transitions is
7This can be seen from equation (2.6), which is valid regardless of the signs of V and V˜ . For negative
energies, f(V, x) =
√
1 + κ|V |x2/3 increases with x without bound starting from f = 1 at the origin. The larger
|V | is the greater the rate at which it grows. So, for V˜ < V < 0, f(V˜ , x) > f(V, x), making f(V˜ , x)− f(V, x)
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the sum of strictly monotonically increasing functions).
The same factorization of B′ holds as in the cap-to-bulb/bulb-to-cap cases,
B′patch-to-comp, down = c2x
2 (Z + 1)
with Z and ∆f defined in the same manner,
Z ≡ ∆f
κσx/2
,
and
∆f = f(V0 + ∆V, x)− f(V0, x).
All we need to do is analyze Z for negative V0 and 0 < ∆V < |V0|.
Recall that when evaluated with negative energy, f increases monotonically with x. It
starts from the value f = 1 at the origin, just as in the dS case, but increases without bound
over the now noncompact physical interval, x ∈ [0,∞). Near the origin, f looks like a right-
side up parabola, f ≈ 1 + κ|V |6 x2. For large x, it is approximately linear, f ∼
√
κ|V |
3 x = x/`.
Although f0 and f+ are positive and increasing, their difference ∆f = f+ − f0 is still
≤ 0 (f0 =
√
1 + |V0|κx2/3 increases more rapidly than f+ =
√
1 + |V0 + ∆V |κx2/3 because
|V0 + ∆V | < |V0|). The Taylor expansion of f again implies Z(0) = 0, and the same algebraic
manipulations of ∂xZ hold ((2.13) is valid for any value of V0). We copy the result for
convenience,
∂Z
∂x
=
2
σκx2
(
1
f0
− 1
f+
)
. (3.5)
Since once again f+ < f0, the difference of the inverses appearing in the parenthesis above
is negative, making Z + 1 a decreasing function over R+ that takes positive values near the
origin. At most one nontrivial root of B′ exists due to the monotonicity of Z+1. If Z reaches
−1 at some finite x, the sign of B′ changes from positive to negative across it, indicating
that the extremum of B is a local maximum. Therefore, patch-to-complement instantons
describing downtunneling possess the expansion/contraction negative mode.
The asymptotic form for f implies that Z approaches a constant,
Z ∼ 2
σκx
(
x
`+
− x
`−
)
=
2
σκ
(
1
`+
− 1
`−
)
≡ Z∞ (3.6)
Thus, the condition for the existence of the AdS-AdS thin-wall instanton, Z∞ < −1, is,
σ <
2
κ
(
1
`−
− 1
`+
)
(3.7)
positive at all nontrivial x, and F1(V, x)−F1(V˜ , x) monotonically increasing. The same reasoning implies that
when V < V˜ < 0, F1(V, x)− F1(V˜ , x) is monotonically decreasing.
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where `+ and `− are the radii of the higher and lower energy AdS, respectively,
`+ =
√
3
κ(|V0| −∆V ) , `− =
√
3
κ|V0| , `+ > `−. (3.8)
3.2 dS-AdS transitions
For mixed transitions — one AdS and one dS — there are four distinct bubble geometries to
consider a priori because for each vacuum — dS or AdS — there are two basic objects. For
dS these are the cap and bulb. For AdS, they are a finite patch containing the origin, and
its infinite complement8. We can make a candidate bounce geometry by connecting either of
the AdS components to either of the dS components. The possibilities are shown in figure 6.
A configuration involving a patch connected to a cap, or a patch connected to a bulb, has
finite action. One involving a complement connected to a cap, or a complement connected to
a bulb, has infinite action. This means the former two combinations require the dS vacuum
to be the parent, whereas the latter two require the AdS vacuum to be the parent (otherwise
the resulting B coefficients would not be finite). The two potential downtunneling transitions
from dS are described by,
Bpatch-to-cap = F1(VAdS, x) + F1(VdS, x) +Bwall − SE[dS] (3.9)
Bpatch-to-bulb = F1(VAdS, x)− F1(VdS, x) +Bwall. (3.10)
All we’ve done here is make use of the fact that the Euclidean action from a finite patch of
AdS is still described by the F1 function we defined in subsection 1.2.
The two as of yet not eliminated uptunneling transitions are described by,
Bcap-to-comp = F1(VdS, x)− F1(VAdS, x) +Bwall (3.11)
Bbulb-to-comp = F2(VdS, x)− F1(VAdS, x) +Bwall (3.12)
= SE[dS]− (F1(VdS, x) + F1(VAdS, x)) +Bwall. (3.13)
The analysis of these four conceivable transitions — two downtunneling and two uptunneling
— is remarkably similar to the cases we’ve already investigated because the usual suspects
appear: a sum or difference of cap functions, and the cubic wall term. To determine which
of these has the capacity to produce an extremum in B, and under what conditions, we need
only carry out the analysis we did in the dS-dS section, but for expressions involving mixed
sign vacuum energies.
Recall that cap functions are monotonically decreasing for all energies. Therefore, (3.13)
is the sum of three monotonically increasing functions and can have no nontrivial extremum.
We rule out bulb-to-complement instantons just as we ruled out bulb-to-bulb instantons for
dS-dS.
8By complement I mean the infinite portion of AdS given by taking ξ ∈ [ξ∗,∞).
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Figure 6: Possibilities for connecting dS and AdS regions. Same convention as figure 3: red for
daughter vacuum configuration, gray for parent. All instantons potentially describing uptunneling
(top row) are excluded either by failing to have finite B, or failing to extremize B. Viewing B = −∞
as a nonsensical result, only two of the instatons potentially describing downtunneling (bottom row)
are possible: patch-to-cap (second from the left) and patch-to-bulb (third from the left).
Next, recall that the derivative of a difference in cap functions is proportional to x times
∆f evaluated with the energies in reverse order, as stated in equation (2.6), copied below for
convenience,
∂(F1(V, x)− F1(V˜ , x))
∂x
= c1κx(f(V˜ , x)− f(V, x)). (3.14)
The same property we found for like-sign energies holds for mixed-sign energies: f(V˜ , x) −
f(V, x) < 0 and decreasing for V < V˜ , and f(V˜ , x)− f(V, x) > 0 and increasing for V > V˜ .
The effect is merely more pronounced for opposite sign energies. For example, consider
negative V˜ = VAdS and positive V = VdS. This is the case relevant to cap-to-complement,
(3.11). f(VAdS, x) is monotonically increasing from 1, and −f(VdS, x) is increasing from −1.
Therefore, f(VAdS, x) − f(VdS, x) is monotonically increasing from zero, which means the
derivative of F1(VdS, x) − F1(VAdS, x) is positive at all nontrivial x in the physical interval,
and so F1(VdS, x) − F1(VAdS, x) is monotonically increasing. Hence, Bcap-to-comp in (3.11) is
monotonically increasing, and cannot have a nontrivial extremum. Uptunneling from AdS is
now completely ruled out.
For the downtunneling transitions we have,
B′patch-to-cap = c1κx(−2f¯ + σκx/2) (3.15)
B′patch-to-bulb = c1κx(∆f + σκx/2) (3.16)
where ∆f = f(VdS, x)− f(VAdS, x), 2f¯ = f(VdS, x) + f(VAdS, x), and x ∈ (0, `dS]. First note
23
that the derivative of Z = ∆fκσx/2 is again negative everywhere in the interval,
∂Z
∂x
=
2
κσx2
 1√
1 + x
2
`2AdS
− 1√
1− x2
`2dS
 < 0 (3.17)
so the minimum value of Z in the interval occurs at x = `dS. The condition for the existence
of a radius that extremizes Bpatch-to-bulb therefore is Z(`dS) < −1. Hence,
f(VdS, `dS)− f(VAdS, `dS) < −σκ`dS/2 (3.18)
σ <
2
κ
f(VAdS, `dS)
`dS
=
2
κ
√
1
`2dS
+
1
`2AdS
. (3.19)
For patch-to-cap, note that −2f¯ once again starts off from −2, but is no longer necessarily
either increasing or decreasing because −f is monotonically increasing for the dS vacuum,
but decreasing for the AdS. We should therefore group −f(VdS, x) with the other increasing
term, κσx/2, in the parentheses in (3.15). An extremum exists if,
f(VAdS, x) < σκx/2− f(VdS, x). (3.20)
We can study two limiting cases, `dS  `AdS, and vice-versa. In the former case, we can
use the small x expansion for f(VAdS, x), and find
1 +
1
2
x2
`2AdS
+O((x/`AdS)3) < σκx/2− f(VdS, x) (3.21)
Evaluating at x = `dS we find,
1 +
1
2
`2dS
`2AdS
+O((x/`AdS)3) < σκ`dS/2 (3.22)
(3.23)
hence, at leading order the condition,
σ >
2
κ`dS
(
1 +
(
`dS
`AdS
)2)
. (3.24)
In the `dS  `AdS regime, we can instead use the asymptotic form of f(VAdS, x) ∼ x/`AdS.
This gives,
0 < x
(
σκ
2
− 1
`AdS
)
− f(VdS, x). (3.25)
A simple way to guarantee this is satisfied is to impose σ > 2κ`AdS . Notice the pleasant
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agreement in the form of the condition for the patch-to-cap extremum to exist in the two
regimes,
σ >
2
κ`dS
, `dS  `AdS (3.26)
σ >
2
κ`AdS
, `AdS  `dS. (3.27)
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A Instanton Methods in Quantum Mechanics
A.1 The decay rate
Consider a system of a quantum particle with potential V (x) that has a local minimum at
the xA, like the one in figure 7. Roughly speaking, when the particle’s wavefunction can
simultaneously be reasonably well-localized both in position and in momentum space about
the classical equilibrium values (x, p) = (xA, 0), then
〈V ′(x)〉 ≈ V ′(〈x〉) = 0.
The Ehrenfest theorem then implies that the expectation values 〈x〉 and 〈p〉 remain approxi-
mately constant, for at least some amount of time.
The time-scale on which the state begins to deviate from the classical description is set
by the rate at which the probability density integrated over the region where it initially had
support,
PA =
∫
A
dx|ψ(t, x)|2ϕA ϕB ϕ
V
ϕA ϕB
ϕ
-V
0 R
ρ
ϕA
ϕB
ϕ
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Figure 7: The potential of a quantum mechanics system with a metastable state.
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 B
<latexit sha1_base64="f9jkdMI9W9nHS7ZIUcGYPqQsI MY=">AAAB+3icbVDLSsNAFL2pr1pfsS51MVgEVyWpgi6LblxWsA9oQphMJ+3QyYOZiVhCfsWNC0Xc+iPu/BsnbRbaemDg cM693DPHTziTyrK+jcra+sbmVnW7trO7t39gHtZ7Mk4FoV0S81gMfCwpZxHtKqY4HSSC4tDntO9Pbwu//0iFZHH0oGYJ dUM8jljACFZa8sy6k0yYlzkhVhOCeXaT557ZsJrWHGiV2CVpQImOZ345o5ikIY0U4VjKoW0lys2wUIxwmtecVNIEkyke0 6GmEQ6pdLN59hydaWWEgljoFyk0V39vZDiUchb6erLIKJe9QvzPG6YquHYzFiWpohFZHApSjlSMiiLQiAlKFJ9pgolgOi siEywwUbqumi7BXv7yKum1mvZFs3V/2WiflHVU4RhO4RxsuII23EEHukDgCZ7hFd6M3Hgx3o2PxWjFKHeO4A+Mzx+E2pS h</latexit>
 A
<latexit sha1_base64="DSDZbJU52onF3ttT5FOrmhWAQ Dc=">AAAB+3icbVDLSsNAFL2pr1pfsS51MVgEVyWpgi4rblxWsA9oQphMJ+3QyYOZiVhCfsWNC0Xc+iPu/BsnbRbaemDg cM693DPHTziTyrK+jcra+sbmVnW7trO7t39gHtZ7Mk4FoV0S81gMfCwpZxHtKqY4HSSC4tDntO9Pbwu//0iFZHH0oGYJ dUM8jljACFZa8sy6k0yYlzkhVhOCeXaT557ZsJrWHGiV2CVpQImOZ345o5ikIY0U4VjKoW0lys2wUIxwmtecVNIEkyke0 6GmEQ6pdLN59hydaWWEgljoFyk0V39vZDiUchb6erLIKJe9QvzPG6YquHYzFiWpohFZHApSjlSMiiLQiAlKFJ9pgolgOi siEywwUbqumi7BXv7yKum1mvZFs3V/2WiflHVU4RhO4RxsuII23EEHukDgCZ7hFd6M3Hgx3o2PxWjFKHeO4A+Mzx+DVJS g</latexit>
 
<latexit sha1_base64="f9 jkdMI9W9nHS7ZIUcGYPqQsIMY=">AAAB+3icbVDLSsNAFL 2pr1pfsS51MVgEVyWpgi6LblxWsA9oQphMJ+3QyYOZiVhC fsWNC0Xc+iPu/BsnbRbaemDgcM693DPHTziTyrK+jcra+sb mVnW7trO7t39gHtZ7Mk4FoV0S81gMfCwpZxHtKqY4HSSC4 tDntO9Pbwu//0iFZHH0oGYJdUM8jljACFZa8sy6k0yYlzkh VhOCeXaT557ZsJrWHGiV2CVpQImOZ345o5ikIY0U4VjKoW 0lys2wUIxwmtecVNIEkyke06GmEQ6pdLN59hydaWWEgljo Fyk0V39vZDiUchb6erLIKJe9QvzPG6YquHYzFiWpohFZHAp SjlSMiiLQiAlKFJ9pgolgOisiEywwUbqumi7BXv7yKum1m vZFs3V/2WiflHVU4RhO4RxsuII23EEHukDgCZ7hFd6M3Hgx 3o2PxWjFKHeO4A+Mzx+E2pSh</latexit>
V
<latexit sha 1_base64="tsBbHcguRLHDV xwXdCGziDJxcG4=">AAAB6H icbVBNS8NAEJ34WetX1aOXpU XwVJIq6LHgxWML9gPaUDbbS bt2swm7G6GE/gIvHhTx6k/y 5r9x2+agrQ8GHu/NMDMvSAT XxnW/nY3Nre2d3cJecf/g8O i4dHLa1nGqGLZYLGLVDahGwS W2DDcCu4lCGgUCO8Hkbu53n lBpHssHM03Qj+hI8pAzaqzU bA9KFbfqLkDWiZeTCuRoDEp f/WHM0gilYYJq3fPcxPgZVY YzgbNiP9WYUDahI+xZKmmE2s 8Wh87IhVWGJIyVLWnIQv09k dFI62kU2M6ImrFe9ebif14v NeGtn3GZpAYlWy4KU0FMTOZ fkyFXyIyYWkKZ4vZWwsZUUW ZsNkUbgrf68jpp16reVbXWvK 7Uy3kcBTiHMlyCBzdQh3toQ AsYIDzDK7w5j86L8+58LFs3 nHzmDP7A+fwBql+Mvg==</l atexit>
xA
<latexit sha 1_base64="9OzpBGnAFnt90 GurVMnTCDyNa2c=">AAAB+H icbVDLSsNAFL3xWeujUZe6GC yCq5JUQZcVNy4r2Ae0IUym0 3boZBJmJmIN+RI3LhRx66e4 82+ctFlo64GBwzn3cs+cIOZ Macf5tlZW19Y3Nktb5e2d3b 2KvX/QVlEiCW2RiEeyG2BFOR O0pZnmtBtLisOA004wucn9z gOVikXiXk9j6oV4JNiQEayN 5NuVRz/th1iPCebpdZb5dtW pOTOgZeIWpAoFmr791R9EJA mp0IRjpXquE2svxVIzwmlW7i eKxphM8Ij2DBU4pMpLZ8Ezd GqUARpG0jyh0Uz9vZHiUKlp GJjJPKNa9HLxP6+X6OGVlzI RJ5oKMj80TDjSEcpbQAMmKd F8aggmkpmsiIyxxESbrsqmBH fxy8ukXa+557X63UW1cVzUU YIjOIEzcOESGnALTWgBgQSe 4RXerCfrxXq3PuajK1axcwh /YH3+AEVdk10=</latexit>
x⇤
<latexit sha1_base64="d4 oF3o9cu5batb+aiKQLTeo2+nA=">AAAB7XicbVDLSgNBEO yNrxhfUY96WAyCp7AbBT0GvHiMYB6QrGF2MknGzM4sM71i WPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dYSy4Qc/7dnIrq2v rG/nNwtb2zu5ecf+gYVSiKatTJZRuhcQwwSWrI0fBWrFmJ AoFa4aj66nffGTacCXvcByzICIDyfucErRS4+m+Qwx2iyWv 7M3gLhM/IyXIUOsWvzo9RZOISaSCGNP2vRiDlGjkVLBJoZ MYFhM6IgPWtlSSiJkgnV07cU+t0nP7StuS6M7U3xMpiYwZ R6HtjAgOzaI3Ff/z2gn2r4KUyzhBJul8UT8RLip3+rrb45p RFGNLCNXc3urSIdGEog2oYEPwF19eJo1K2T8vV24vStXjL I48HMEJnIEPl1CFG6hBHSg8wDO8wpujnBfn3fmYt+acbOYQ /sD5/AGl/o8O</latexit>
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 
<latexit sha 1_base64="DSDZbJU52onF3 ttT5FOrmhWAQDc=">AAAB+3 icbVDLSsNAFL2pr1pfsS51MV gEVyWpgi4rblxWsA9oQphMJ +3QyYOZiVhCfsWNC0Xc+iPu /BsnbRbaemDgcM693DPHTzi TyrK+jcra+sbmVnW7trO7t3 9gHtZ7Mk4FoV0S81gMfCwpZx HtKqY4HSSC4tDntO9Pbwu// 0iFZHH0oGYJdUM8jljACFZa 8sy6k0yYlzkhVhOCeXaT557 ZsJrWHGiV2CVpQImOZ345o5 ikIY0U4VjKoW0lys2wUIxwmt ecVNIEkyke06GmEQ6pdLN59 hydaWWEgljoFyk0V39vZDiU chb6erLIKJe9QvzPG6YquHY zFiWpohFZHApSjlSMiiLQiA lKFJ9pgolgOisiEywwUbqumi 7BXv7yKum1mvZFs3V/2Wifl HVU4RhO4RxsuII23EEHukDg CZ7hFd6M3Hgx3o2PxWjFKHe O4A+Mzx+DVJSg</latexit>
V
<latexit sha 1_base64="tsBbHcguRLHDV xwXdCGziDJxcG4=">AAAB6H icbVBNS8NAEJ34WetX1aOXpU XwVJIq6LHgxWML9gPaUDbbS bt2swm7G6GE/gIvHhTx6k/y 5r9x2+agrQ8GHu/NMDMvSAT XxnW/nY3Nre2d3cJecf/g8O i4dHLa1nGqGLZYLGLVDahGwS W2DDcCu4lCGgUCO8Hkbu53n lBpHssHM03Qj+hI8pAzaqzU bA9KFbfqLkDWiZeTCuRoDEp f/WHM0gilYYJq3fPcxPgZVY YzgbNiP9WYUDahI+xZKmmE2s 8Wh87IhVWGJIyVLWnIQv09k dFI62kU2M6ImrFe9ebif14v NeGtn3GZpAYlWy4KU0FMTOZ fkyFXyIyYWkKZ4vZWwsZUUW ZsNkUbgrf68jpp16reVbXWvK 7Uy3kcBTiHMlyCBzdQh3toQ AsYIDzDK7w5j86L8+58LFs3 nHzmDP7A+fwBql+Mvg==</l atexit>
 
<latexit sha1_base64="s2 m76w9NPUG3giTzfEKOi7H8590=">AAAB63icbVBNS8NAEJ 3Ur1q/qh69LC2Cp5LUgh4LXjxWsB/QhrLZbpqlu5uwuxFK 6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzgoQzbVz32yltbe/ s7pX3KweHR8cn1dOzno5TRWiXxDxWgwBrypmkXcMMp4NEU SwCTvvB7C73+09UaRbLRzNPqC/wVLKQEWxyaZREbFytuw13 CbRJvILUoUBnXP0aTWKSCioN4Vjroecmxs+wMoxwuqiMUk 0TTGZ4SoeWSiyo9rPlrQt0aZUJCmNlSxq0VH9PZFhoPReB 7RTYRHrdy8X/vGFqwls/YzJJDZVktShMOTIxyh9HE6YoMXx uCSaK2VsRibDCxNh4KjYEb/3lTdJrNrzrRvOhVW/XijjKc AE1uAIPbqAN99CBLhCI4Ble4c0Rzovz7nysWktOMXMOf+B8 /gALNo4j</latexit>
 
<latexit sha1_base64="s2m76w9NPUG3giTzfEKOi7H85 90=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LC2Cp5LUgh4LXjxWsB/QhrLZbpqlu5uwuxFK6F/w4kERr/4hb/4bN20O2vpg 4PHeDDPzgoQzbVz32yltbe/s7pX3KweHR8cn1dOzno5TRWiXxDxWgwBrypmkXcMMp4NEUSwCTvvB7C73+09UaRbLRzNP qC/wVLKQEWxyaZREbFytuw13CbRJvILUoUBnXP0aTWKSCioN4Vjroecmxs+wMoxwuqiMUk0TTGZ4SoeWSiyo9rPlrQt0a ZUJCmNlSxq0VH9PZFhoPReB7RTYRHrdy8X/vGFqwls/YzJJDZVktShMOTIxyh9HE6YoMXxuCSaK2VsRibDCxNh4KjYEb/ 3lTdJrNrzrRvOhVW/XijjKcAE1uAIPbqAN99CBLhCI4Ble4c0Rzovz7nysWktOMXMOf+B8/gALNo4j</latexit>
⇢
<latexit sha1_base64="TrarYyJCSRjnbCP2XBoVGgfRY 5o=">AAAB63icbVDLSgNBEOz1GeMr6tHLkCB4CrtR0GPAi8cI5gHJEmYns8mQeSwzs0JY8gtePCji1R/y5t84m+xBEwsa iqpuuruihDNjff/b29jc2t7ZLe2V9w8Oj44rJ6cdo1JNaJsornQvwoZyJmnbMstpL9EUi4jTbjS9y/3uE9WGKfloZwkN BR5LFjOCbS4N9EQNKzW/7i+A1klQkBoUaA0rX4ORIqmg0hKOjekHfmLDDGvLCKfz8iA1NMFkise076jEgpowW9w6RxdOG aFYaVfSooX6eyLDwpiZiFynwHZiVr1c/M/rpza+DTMmk9RSSZaL4pQjq1D+OBoxTYnlM0cw0czdisgEa0ysi6fsQghWX1 4nnUY9uKo3Hq5rzWoRRwnOoQqXEMANNOEeWtAGAhN4hld484T34r17H8vWDa+YOYM/8D5/ABdajis=</latexit>
R
<latexit sha1_base64="e+4fP0OVTII2Tjqe+SPtXSlL1 mg=">AAAB6HicbVDLSgNBEOyNrxhfUY96GAyCp7AbBT0GvHhMxDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRML Goqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGC fkQHkoecUWOl+n2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcm6VP gljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/P IqaVbK3mW5Ur8qVU+zOPJwAmdwAR5cQxXuoAYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A6KBjLQ=</latexit>
 A
<latexit sha1_base64="DSDZbJU52onF3ttT5FOrmhWAQ Dc=">AAAB+3icbVDLSsNAFL2pr1pfsS51MVgEVyWpgi4rblxWsA9oQphMJ+3QyYOZiVhCfsWNC0Xc+iPu/BsnbRbaemDg cM693DPHTziTyrK+jcra+sbmVnW7trO7t39gHtZ7Mk4FoV0S81gMfCwpZxHtKqY4HSSC4tDntO9Pbwu//0iFZHH0oGYJ dUM8jljACFZa8sy6k0yYlzkhVhOCeXaT557ZsJrWHGiV2CVpQImOZ345o5ikIY0U4VjKoW0lys2wUIxwmtecVNIEkyke0 6GmEQ6pdLN59hydaWWEgljoFyk0V39vZDiUchb6erLIKJe9QvzPG6YquHYzFiWpohFZHApSjlSMiiLQiAlKFJ9pgolgOi siEywwUbqumi7BXv7yKum1mvZFs3V/2WiflHVU4RhO4RxsuII23EEHukDgCZ7hFd6M3Hgx3o2PxWjFKHeO4A+Mzx+DVJS g</latexit>
 
<latexit sha1_base64="s2m76w9NPUG3giTzfEKOi7H85 90=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LC2Cp5LUgh4LXjxWsB/QhrLZbpqlu5uwuxFK6F/w4kERr/4hb/4bN20O2vpg 4PHeDDPzgoQzbVz32yltbe/s7pX3KweHR8cn1dOzno5TRWiXxDxWgwBrypmkXcMMp4NEUSwCTvvB7C73+09UaRbLRzNP qC/wVLKQEWxyaZREbFytuw13CbRJvILUoUBnXP0aTWKSCioN4Vjroecmxs+wMoxwuqiMUk0TTGZ4SoeWSiyo9rPlrQt0a ZUJCmNlSxq0VH9PZFhoPReB7RTYRHrdy8X/vGFqwls/YzJJDZVktShMOTIxyh9HE6YoMXxuCSaK2VsRibDCxNh4KjYEb/ 3lTdJrNrzrRvOhVW/XijjKcAE1uAIPbqAN99CBLhCI4Ble4c0Rzovz7nysWktOMXMOf+B8/gALNo4j</latexit>
 
<latexit sha1_base64="f9jkdMI9W9nHS7ZIUcGYPqQsI MY=">AAAB+3icbVDLSsNAFL2pr1pfsS51MVgEVyWpgi6LblxWsA9oQphMJ+3QyYOZiVhCfsWNC0Xc+iPu/BsnbRbaemDg cM693DPHTziTyrK+jcra+sbmVnW7trO7t39gHtZ7Mk4FoV0S81gMfCwpZxHtKqY4HSSC4tDntO9Pbwu//0iFZHH0oGYJ dUM8jljACFZa8sy6k0yYlzkhVhOCeXaT557ZsJrWHGiV2CVpQImOZ345o5ikIY0U4VjKoW0lys2wUIxwmtecVNIEkyke0 6GmEQ6pdLN59hydaWWEgljoFyk0V39vZDiUchb6erLIKJe9QvzPG6YquHYzFiWpohFZHApSjlSMiiLQiAlKFJ9pgolgOi siEywwUbqumi7BXv7yKum1mvZFs3V/2WiflHVU4RhO4RxsuII23EEHukDgCZ7hFd6M3Hgx3o2PxWjFKHeO4A+Mzx+E2pS h</latexit>
<latexit sha1_base64="3HhWD8wEkEMTayE17Cz5ivej3QQ=">AAA B6HicbVBNS8NAEJ34WetX1aOXpUXwVJIq6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2 d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelilt1FyDrxMtJBXI0BqWv/jB maYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSA mJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20a1XvqlprXlfq5TyOApxDGS7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4A cMeMmA==</latexit>
 V
<latexit sha 1_base64="7/BbunEwX834a D0IwQ0Mmud7Khs=">AAAB6X icbVBNS8NAEJ34WetX1aOXpU XwYkmqoMeCF49V7Ae0oWy2k 3bpZhN2N0IJ/QdePCji1X/k zX/jts1BWx8MPN6bYWZekAi ujet+O2vrG5tb24Wd4u7e/s Fh6ei4peNUMWyyWMSqE1CNgk tsGm4EdhKFNAoEtoPx7cxvP 6HSPJaPZpKgH9Gh5CFn1Fjp 4aLVL1XcqjsHWSVeTiqQo9E vffUGMUsjlIYJqnXXcxPjZ1 QZzgROi71UY0LZmA6xa6mkEW o/m186JWdWGZAwVrakIXP19 0RGI60nUWA7I2pGetmbif95 3dSEN37GZZIalGyxKEwFMTG ZvU0GXCEzYmIJZYrbWwkbUU WZseEUbQje8surpFWrepfV2v 1VpV7O4yjAKZThHDy4hjrcQ QOawCCEZ3iFN2fsvDjvzsei dc3JZ07gD5zPHxOzjPU=</l atexit>
x
<latexit sha1_base64="Fi XIRq5uFLsWV9mod/uszWpc8v4=">AAAB6HicbVDLTgJBEO zFF+IL9ehlAjHxRHbRRI8kXjxCIo8ENmR26IWR2dnNzKyR EL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre 2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKa RQIbAfj27nffkSleSzvzSRBP6JDyUPOqLFS46lfLLsVdwGy TryMlCFDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCW VjOsSupZJGqP3p4tAZObfKgISxsiUNWai/J6Y00noSBbYz omakV725+J/XTU1440+5TFKDki0XhakgJibzr8mAK2RGTCy hTHF7K2EjqigzNpuCDcFbfXmdtKoV77JSbVyVa6UsjjycQ QkuwINrqMEd1KEJDBCe4RXenAfnxXl3PpatOSebOYU/cD5/ AN3njOA=</latexit>
⌧
<latexit sha1_base64="vTSIL5o+ppCCjNByoB1pDqHJ9 9E=">AAAB63icbVBNS8NAEJ34WetX1aOX0CJ4KkkV9Fjw4rGC/YA2lM120y7d3YTdiVBC/4IXD4p49Q9589+4aXPQ1gcD j/dmmJkXJoIb9LxvZ2Nza3tnt7RX3j84PDqunJx2TJxqyto0FrHuhcQwwRVrI0fBeolmRIaCdcPpXe53n5g2PFaPOEtY IMlY8YhTgrk0QJIOKzWv7i3grhO/IDUo0BpWvgajmKaSKaSCGNP3vQSDjGjkVLB5eZAalhA6JWPWt1QRyUyQLW6duxdWG blRrG0pdBfq74mMSGNmMrSdkuDErHq5+J/XTzG6DTKukhSZostFUSpcjN38cXfENaMoZpYQqrm91aUToglFG0/ZhuCvvr xOOo26f1VvPFzXmtUijhKcQxUuwYcbaMI9tKANFCbwDK/w5kjnxXl3PpatG04xcwZ/4Hz+ABjbjiw=</latexit>
xA
<latexit sha 1_base64="9OzpBGnAFnt90 GurVMnTCDyNa2c=">AAAB+H icbVDLSsNAFL3xWeujUZe6GC yCq5JUQZcVNy4r2Ae0IUym0 3boZBJmJmIN+RI3LhRx66e4 82+ctFlo64GBwzn3cs+cIOZ Macf5tlZW19Y3Nktb5e2d3b 2KvX/QVlEiCW2RiEeyG2BFOR O0pZnmtBtLisOA004wucn9z gOVikXiXk9j6oV4JNiQEayN 5NuVRz/th1iPCebpdZb5dtW pOTOgZeIWpAoFmr791R9EJA mp0IRjpXquE2svxVIzwmlW7i eKxphM8Ij2DBU4pMpLZ8Ezd GqUARpG0jyh0Uz9vZHiUKlp GJjJPKNa9HLxP6+X6OGVlzI RJ5oKMj80TDjSEcpbQAMmKd F8aggmkpmsiIyxxESbrsqmBH fxy8ukXa+557X63UW1cVzUU YIjOIEzcOESGnALTWgBgQSe 4RXerCfrxXq3PuajK1axcwh /YH3+AEVdk10=</latexit>
x⇤
<latexit sha1_base64="d4 oF3o9cu5batb+aiKQLTeo2+nA=">AAAB7XicbVDLSgNBEO yNrxhfUY96WAyCp7AbBT0GvHiMYB6QrGF2MknGzM4sM71i WPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dYSy4Qc/7dnIrq2v rG/nNwtb2zu5ecf+gYVSiKatTJZRuhcQwwSWrI0fBWrFmJ AoFa4aj66nffGTacCXvcByzICIDyfucErRS4+m+Qwx2iyWv 7M3gLhM/IyXIUOsWvzo9RZOISaSCGNP2vRiDlGjkVLBJoZ MYFhM6IgPWtlSSiJkgnV07cU+t0nP7StuS6M7U3xMpiYwZ R6HtjAgOzaI3Ff/z2gn2r4KUyzhBJul8UT8RLip3+rrb45p RFGNLCNXc3urSIdGEog2oYEPwF19eJo1K2T8vV24vStXjL I48HMEJnIEPl1CFG6hBHSg8wDO8wpujnBfn3fmYt+acbOYQ /sD5/AGl/o8O</latexit>
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Figure 8: Evolution of a Gaussian wavefunction initially centered at xA, specifically the ground
state of the related harmonic oscillator potential. The initial probability density is shown by the black
dotted curve, the time-dependent probability density is the green curve whose area is shaded, and the
real and imaginary parts of the time-dependent wavefunction ψ are shown in blue and pink.
changes with time, whereA denotes the neighborhood of xA. However, since an initially Gaus-
sian probability amplitude will also oscillate within the well at frequency ω =
√
V ′′(xA)/m,
we are really only interested in the dynamics of PA smoothed over the time-scale ∆t = ω−1;
we are only interested in fluctuations on whom the state’s fate depends. So, we define the
decay rate,
Γ(t) ≡ − 1
P˜A(t)
dP˜A(t)
dt
(A.1)
where tilde indicates a quantity that is time-averaged over increments ∆t. The factor of
inverse probability is included so that an exponentially decaying probability would result
in a constant Γ, as this behavior is typical for decaying states. This definition can also be
formulated in terms of the net flux J(t, x) = ψ∗(t, x)∂xψ − ψ(t, x)∂xψ∗ leaving the region A
due to conservation of probability density
Γ(t) =
1
P˜A(t)
∫
∂A
dx J˜(x, t). (A.2)
In the semiclassical approximation, instantons appear to provide a good estimate of the
rate (A.1) at the relevant times — longer than ω−1, but shorter than the time-scale on which
non-decay phenomena take place, for example reflection of probability amplitude back into the
well. Instantons are particular, non-constant solutions to the Euclidean equations of motion
that start and end in the false vacuum. The result of a path integral calculation carried out
in Euclidean signature is a decay rate of the form,
Γ = Ae−B/~ [1 +O(~)] , (A.3)
where A and B are constants fixed by the instanton associated with the decay channel, and
26
the false vacuum.
A.2 Relation to the Euclidean path integral
The derivation of (A.3) begins from the Euclidean propagator, KE(x0, x1, T ). This is the
extension of the ordinary propagator, K(x0, x1, t),
K(x0, x1, t) = 〈x1|e−iHt/~|x0〉, (A.4)
to values of t on the negative imaginary axis. Here, |x0〉 and |x1〉 are position eigenstates,
and H is the system’s Hamiltonian operator.
It makes sense to extend the time domain of the function (A.4) because the t→ −i∞ limit
provides a means of extracting the ground state energy. To see this, expand K(x0, x1,−iT )
where T is real and positive, in a set of energy eigenstates |φn〉,
KE(x0, x1, T ) = 〈x1|e−HT/~|x0〉 (A.5)
KE(x0, x1, T ) =
∞∑
n=0
e−EnT/~φ∗n(x1)φn(x0). (A.6)
When T is large this sum is dominated by the term with smallest En. It follows that,
E0 = lim
T→∞
(
− ~
T
log(KE(x0, x1, T ))
)
. (A.7)
Now, the Euclidean propagator can also be expressed as a path integral,
KE(x0, x1, T ) = N
∫
Euc paths
Dx e−SE[x]/~, (A.8)
where N is a normalization constant, the integral is over real functions on [0, T ] that are
piece-wise C1 that satisfy the boundary conditions x(0) = x0, and x(T ) = x1, and SE is the
(real) Euclidean action defined as,
iSLor[x] =
∫ T
0
dτ
m
2
(
i
dx
dτ
)2
− V (x) (A.9)
= −
∫ T
0
dτ
m
2
(
dx
dτ
)2
+ V (x) (A.10)
≡ −SE[x]. (A.11)
The identification of a decay rate consists of extracting a particular set of contributions to
KE(xA, xA, T ) for large T that arise within the context of the saddle approximation/method
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of steepest descent. Heuristically,
KE(xA, xA, T ) = N
nmax∑
n=0
In (A.12)
where n labels exact or approximate saddle points of SE satisfying the false vacuum boundary
conditions, and nmax may be infinite.
A.3 On-shell paths
The dominant term in KE(xA, xA, T ) comes from the static false vacuum path, x = xA,
because it has lowest SE. Gaussian fluctuations about this path evaluate to,
NI0 = Ne
−SE[xA]
∏
j
∫ ∞
−∞
(2pi~)−1/2dcj e−
1
2
λf.v.j c
2
j = Ne−VAT/~
√
1∏
j λ
f.v.
j
(A.13)
where the λf.v.j are the eigenvalues of the operator appearing in the second variation of the
Euclidean action, the term in parenthesis in,
S′′E, f.v.(a, b) =
∫ T
0
dτ a(τ)
(
−m d
2
dτ2
+ V ′′[xA]
)
b(τ). (A.14)
The eigenvalues, λf.v.j , of the differential operator in parentheses in (A.14) are all positive
because V ′′(xA)/m = ω2 > 0. In the limit of large T , the inverse determinant factor in NI0
behaves like,
lim
T→∞
N
∏
j
(λf.v.j )
−1/2 =
( ω
pi~
)1/2
e−ωT/(2~). (A.15)
Hence, the contribution to KE(xA, xA, T ) from Gaussian fluctuations about the static false
vacuum path is,
NI0 =
( ω
pi~
)1/2
e−(VA+
~ω
2
)T/~, (A.16)
which results in the zero point correction to the ground state energy when used in (A.7).
The contribution to KE(xA, xA, T ) relevant to the decay rate, on the other hand, comes
from a portion of function space surrounding the bounce, xb(τ). The bounce is a non-constant
solution to the Euclidean equations of motion,
m
d2x
dτ2
=
dV
dx
, (A.17)
that satisfies the false vacuum boundary conditions,
x(0) = x(T ) = xA. (A.18)
In addition to the trivial path that just sits at xA (i.e. on top of the maximum of −V ), there
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Figure 9: Left: inverted potential. Right: on-shell trajectories starting at xA with small, but
distinct, initial velocities. The nontrivial portions of the trajectories — the bumps — are the same.
Decreasing/increasing the initial rightward velocity just displaces the center of the bounce T/2.
is a nontrivial solution to the boundary value problem, (A.17)-(A.18), that explores only the
barrier region. It is the path that starts at xA with precisely the initial velocity x˙0 required to
roll off the maximum (rightward), through the valley of −V to a height −VA+mx˙20/2 in time
T/2. The velocity at this point during the motion is momentarily zero because mx˙20/2−V is
conserved by (A.17). The particle, whose position had been changing monotonically, reverses
direction and rolls back towards xA in a symmetric fashion, arriving (and technically passing)
xA exactly at time T .
For large T , the requisite initial speed is small, and the particle bounces off the barrier
nearly at the point of equipotential with xA, which we label x∗. At a certain point, increasing
T only serves to lengthen the flat initial and final segments of the trajectory, as the particle
simply spends more time crawling off and up the local maximum of −V ; the effect on the
nontrivial part of the trajectory (the bump) is insignificant. As mentioned in section 1, as
T →∞ the difference in Euclidean action between the bounce and SE, f.v. approaches
B =
∫ x∗
xA
dx
√
2m(V (x))− VA). (A.19)
Since the width ∆τ of the bounce is finite, multi-bounce paths can be constructed by
adding together n < T∆τ single bounces whose centers have been shifted to any desired lo-
cations in [0, T ] so long as no two bumps overlap, and then shifting the sum vertically by
(n−1)xA to satisfy the false vacuum boundary conditions. In other words add n horizontally
shifted bump profiles, where a bump is defined as xb(τ)− xA, and add to this superposition
the constant xA. This is an n-bounce; it is an approximate fixed point of the Euclidean action
and has Euclidean action nB + SE[xA].
The eigenfunctions {yn}∞n=0 of the differential operator inside S′′E[xb],
−m d
2
dτ2
+ V ′′(xb(τ)), (A.20)
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form a basis for the function space L2 because the operator is Sturm-Liouville. (A.20) is a
Schro¨dinger-type operator in one dimension, with τ ∈ [0, T ] playing the role of the spatial
variable, and V ′′(xb(τ)) playing the role of the potential (up to factors of m). The relevant
boundary conditions for the yn are Dirichlet, because we’ll use these eigenfunctions to expand
SE[x] about xb, which already satisfies the boundary conditions (A.18). Outside of the bump
portion of the bounce, V ′′(xb(τ)) is exponentially close to mω2 > 0. At the center of the
bounce V ′′(xb(τ)) = V ′′(x∗) > 0. In between, however, V ′′(xb(τ)) passes through the value
of V ′′ at top of the barrier, which is negative, V ′′peak < 0. Because the full bounce is time-
reversal invariant, and each half of xb is smooth and monotonic, V
′′(xb(τ)) takes the form of
a symmetric finite double-well Schro¨dinger potential with negative minimum.
Coleman’s clever reasoning goes as follows. The function dxbdτ is an eigenfunction of (A.20)
with eigenvalue zero because of the Euclidean equations of motion,[
−m d
2
dτ2
+ V ′′(xb(τ))
]
dxb
dτ
=
d
dτ
[
−md
2xb
dτ2
+ V ′(xb)
]
= 0 (A.21)
dxb
dτ is odd and vanishes at the center of the bounce. This is its only node, implying there is
precisely one eigenfunction of (A.20) with lower — hence negative — eigenvalue.
We arrange the eigenvalues in ascending order starting from that of the nodeless negative
mode, λ0 < 0. λ1 = 0, and the normalized zero mode, y1 = B
−1/2 dxb
dτ (a consequence of
the equations of motion). Coleman’s idea is to include the Gaussian fluctuations about each
multi-bounce by using n copies of single bounce modes, as this set well approximates the
actual eigenmodes of the operator in SE[xn-bounce] when the n bounces are well-separated.
Ultimately, T will be taken to ∞ as a calculational technique, which implies there will be
arbitrarily many n-bounces with arbitrarily well-separated separated bounces.
If V has no local minimum on the other side of the barrier, like in figure 7, the bounce
is the only on-shell path in addition to the static false vacuum path satisfying the boundary
conditions (A.18). If instead there is a lower V local minimum on the other side of the barrier,
for example as is shown on the left in figure 9, then there is another nontrivial on-shell path
in addition to the bounce, appropriately dubbed “the shot” by [43]. This is a path that
starts at xA with much larger kinetic energy that the bounce. It’s initial rightward speed x˙0
is tuned to be just less that
√
2m(VA − VB). Consequently, the particle overshoots x∗, and
comes nearly to rest at the top of the hill of the inverted potential at xB, the higher of the
two hills. For any value of T , there is one value for the initial kinetic energy m2 x˙
2
0 close to
VA − VB that has the particle roll back to xA at time T . The three on-shell paths for the
double-well potential in figure 9 are shown in the plot on the left-hand side of figure 10. The
shot is the solid blue curve, the bounce is solid purple, and the static false vacuum is solid
red. A thorough presentation of the steepest descent procedure, and its application in the
study of vacuum decay can be found in [43]. For the purposes of providing a self-contained
discussion here, I include figure 10 as a similar version of the plots in their figure 6. Finally,
going forward we take the particle to have unit mass, m = 1. It can be restored at the end
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by dimensional analysis.
A.4 Saddle Approximation
Extending Laplace’s method/steepest descent to infinite dimensional integrals presents ambi-
guities in general. Steepest descent is a technique for approximating 1-dimensional integrals,
for example of the form,
I(M) =
∫ ∞
−∞
eMf(x)g(x)dx (A.22)
where M is a large constant. The idea is to exploit the freedom granted by Cauchy’s theorem
to deform the contour of integration into the complex plane within a region where integrand
is an analytic function. Analyticity results in several important factors which together make a
particular choice of the contour, that of “steepest descent”, a systematic means of estimating
the integral by producing an asymptotic series in 1M .
For complex arguments z = x + iy, the functions f and g are in general complex. The
gradients of fR(x, y) ≡ Re(f(x + iy)) and fI(x, y) ≡ Im(f(x + iy)) in the x-y plane are two
real vector fields. The Cauchy-Riemann equations imply they are orthogonal to each other at
points (x, y) where f(z) is analytic. The strategy is to first restrict the choice for the contour
C to those along which fI remains constant. This eliminates the complication presented by
the otherwise oscillatory factor eiMfI(x,y). Parameterizing the position along such contour as
z(t) = x(t) + iy(t) gives,
I(M) =
∫
C
eMf(z)g(z)dz (A.23)
= eiMfI
(∫ b
a
eMfR(x(t),y(t))g˜R(t)dt+ i
∫ b
a
eMfR(x(t),y(t))g˜I(t)dt
)
(A.24)
where g˜R(t) = z
′(t)Re(g(z(t))), g˜I(t) = z′(t)Im(g(z(t))). Since fI is constant along C, the
gradient of fR always points either in the same direction of the tangent vector x
′(t)ˆi+ y′(t)ˆj,
or exactly opposite to it, i.e. in the direction −x′(t)ˆi− y′(t)ˆj. We’ll only ever be interested in
g(z) = 1 so we eliminate it now to simplify the notation.
Another consequence of the analyticity of f(z) is that the only extrema possible of fR(x, y)
are saddle points (for example, if ∂2xfR > 0 at a zero of ∇fR, then ∂2yfR must be negative
because fR is harmonic). Note that if ∇fR vanishes at a point (x0, y0), so does ∇fI by the
Cauchy-Riemann equations. Hence, such a point corresponds to a critical point z0 = x0 + iy0
of f(z) because,
df
dz
= (∂x − i∂y)(fR(x, y) + ifI(x, y)). (A.25)
The prescription is to select the constant fI contour that permits each of the integrals in
(A.24) to be estimated using Laplace’s method. This means choosing a contour C that passes
through at least one saddle point of f(z), and does so in the direction of maximal decrease of
|fR| away from the saddle. A portion of the original contour is deformed (if necessary) such
that tangents to the curve are aligned with ∇fR as a saddle point is approached, and exactly
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opposed as the saddle is departed. This procedure is applied until the entire contour reaches
the original endpoints. The result is a contour C that everywhere lies along the steepest
descent emanating from any and all saddles it encounters. Note that the criteria of steepest
descent allows for C to cross more than one saddle point of f(z), yet does not require it cross
all.
In the neighborhood of an extremum (x0, y0) with non-vanishing second derivatives, the
local steepest descent deformation is accomplished as follows. Expand f in a Taylor series
about a saddle z0, with the displacement from z0 expressed as as re
iθ, and let α denote the
phase of d
2f
dz2
|z0 ,
f(z) = f(z0) +
1
2
|f ′′(z0)|eiαr2e2iθ +O((z − z0)3) (A.26)
Im(f(z)) = Im(f(z0)) +
1
2
|f ′′(z0)|r2(cos(2θ + α) + i sin(2θ + α)) (A.27)
Im(f(z)) = const (A.28)
→ 2θ + α = kpi, k ∈ Z (A.29)
The descent directions passing through the saddle are those rays at angle,
θ =
1
2
(kpi − α)
with respect to the x-axis, where
whose k yields an integrable expression in the leading order contribution to I(M) from
the saddle region, ∫
Csaddle
eMf(z)dz ≈ eMf(z0)
∫ ∞
0
eiθdre
M
2
|f ′′(z0)| cos(kpi)r2 . (A.30)
In other words, odd k,∫
Csaddle
eMf(z)dz ≈ eMf(z0)ei(pi−α)/2 1
2
√
2pi
M |f ′′(z0)| (A.31)
Hence, for every quadratic critical point of f there are two distinct descent directions, θdesc± =
±pi/2 − α/2. Locally, the integrand looks identical in these directions. Similarly, there are
two ascent directions at θasc± = ±pi− α/2. Equation (A.31) shows that for any kind of saddle
with non-trivial f ′′, the leading order contribution to I(M) coming from following one of the
saddle’s descent directions is the usual half-Gaussian result, times an overall phase, ei(pi−α)/2.
The kinds of saddles that are relevant to us are those which lie on the real-line, and are
critical points of a real function f(z) = −SE. There are two types of real critical points,
z0 = x0. Either f
′′(x0) < 0 so the saddle is a maximum of SE in the real direction, and
minimum in the imaginary direction, or f ′′(x0) > 0 and the saddle is a minimum in the
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real direction and maximum in the imaginary direction. The first type corresponds to α
(mod 2pi) = pi and requires no deformation away from the real-axis. Indeed, we see the phase
in its (A.31) is zero, and we thus recover the correct result real. The second kind of saddle,
has α (mod 2pi) = 0, and produces an extra factor of e±ipi/2 = ±i, as compared to the real
result. (if g(z) 6= 1 the result (A.31) simply comes with a factor of g(z0).)
It is important to underscore that (A.31) only reflects the leading order contribution from
the portion of C passing through z0, and in one direction. To recover the asymptotic series,
contributions from all portions of the descent contour need to be included, and computed
consistently to a given order in 1/M . The contribution from the vicinity of the saddle can be
computed to any order in 1M by using a Taylor expansion for f to a given order to solve for the
higher order corrections to the constant fI curves emanating from the saddle. Which curves
correspond to descent directions is determined by plugging the Taylor expansion for f into
the integrand. The contribution from each segment of C lying along one of these higher-order
corrected descent directions can be evaluated because the deformation is precisely that which
ensures the integrability of eMf(z) with f expanded to the relevant higher-order.
A.5 Applying steepest descent to the path integral
Coleman’s calculation applies the technique of steepest descent to each negative mode direc-
tion emanating from each saddle independently, essentially by using an iterative procedure.
Consider first a curve in function space, w(z), which passes through the static false vacuum
path, say at z = 0, and then successively through each n-bounce saddle beginning with n = 1
in the direction of its first negative mode out of n, i.e. the negative mode associated with
the first of its n far-separated bounces, y0(τ). The function SE[w(z)] has a local minimum
at z = 0, and a local maximum at each z value indicating the location of an n-bounce. The
first step is to apply steepest descent to the 1-dimensional integral over z,
KE(xA, xA, T ) = N ′
∫
Dw(z)⊥
∫ ∞
−∞
dz e−SE[w(z)+w(z)
⊥]/~ (A.32)
We are free to choose the z-values where the n-bounces are located along the curve w(z)
because the overall scale of z is irrelevant. It is accounted in the proportionality coefficient
when expressing the measure Dx ∝ dz. We choose the natural numbers, meaning the single
bounce is located at z = 1, the double-bounce at z = 2, and so on.
The Euclidean action increases in all directions away from the static false vacuum path,
so no deformation of the z-integral is required around z = 0. Hence, the leading order
contribution from the false vacuum saddle in steepest descent just produces the Gaussian
fluctuations we already computed (when orthogonal directions are integrated over). As we
proceed along the negative real axis we approach the single-bounce, and w takes the form
xb(τ) + c0y0(τ). −SE decreases up until we reach the bounce. If we attempt to compute its
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`+
<latexit sha1_base64 ="lRcHn2gFd4J31r+g/TLlvaP6wPw=">AAAB73ic bVBNS8NAEJ34WetX1aOXxSIUhJJUQY8FLx4r2A9o Q9lsJ+3SzSbuboQS+ie8eFDEq3/Hm//GbZuDtj4Y eLw3w8y8IBFcG9f9dtbWNza3tgs7xd29/YPD0tFx S8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nf fkKleSwfzCRBP6JDyUPOqLFSp4dC9LOLab9Udqvu HGSVeDkpQ45Gv/TVG8QsjVAaJqjWXc9NjJ9RZTgT OC32Uo0JZWM6xK6lkkao/Wx+75ScW2VAwljZkobM 1d8TGY20nkSB7YyoGellbyb+53VTE974GZdJalCy xaIwFcTEZPY8GXCFzIiJJZQpbm8lbEQVZcZGVLQh eMsvr5JWrepdVmv3V+V6JY+jAKdwBhXw4BrqcAcN aAIDAc/wCm/Oo/PivDsfi9Y1J585gT9wPn8A7F6P zw==</latexit>
`+
<latexit sha1_base64="lRcHn2gFd4J31r+g/T LlvaP6wPw=">AAAB73icbVBNS8NAEJ34WetX1aOXxSIUhJJUQY8FLx4r2A9oQ9lsJ+3SzSbuboQS+ie8 eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dtbWNza3tgs7xd29/YPD0tFxS8epYthksYhVJ6AaBZfY NNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSp4dC9LOLab9UdqvuHGSVeDkpQ45Gv/TVG8Qs jVAaJqjWXc9NjJ9RZTgTOC32Uo0JZWM6xK6lkkao/Wx+75ScW2VAwljZkobM1d8TGY20nkSB7YyoGell byb+53VTE974GZdJalCyxaIwFcTEZPY8GXCFzIiJJZQpbm8lbEQVZcZGVLQheMsvr5JWrepdVmv3V+V6 JY+jAKdwBhXw4BrqcAcNaAIDAc/wCm/Oo/PivDsfi9Y1J585gT9wPn8A7F6Pzw==</latexit>
SE[w(z)]
<latexit sha1_base64="EjXL9 KA+rWTcffLhjU7x3snVdQ8=">AAAB+3icbVDLSsNAFJ3UV62vWJe6 CBahbkpSBV0WRHBZ0T4gDWEynbRDJw9mbrQ15FfcuFDErT/izr9x2m ahrQcuHM65l3vv8WLOJJjmt1ZYWV1b3yhulra2d3b39P1yW0aJILR FIh6Jrocl5SykLWDAaTcWFAcepx1vdDX1Ow9USBaF9zCJqRPgQch8 RjAoydXLd27aAzqG9DrL7Mfq06nj6hWzZs5gLBMrJxWUo+nqX71+R JKAhkA4ltK2zBicFAtghNOs1EskjTEZ4QG1FQ1xQKWTzm7PjBOl9A0 /EqpCMGbq74kUB1JOAk91BhiGctGbiv95dgL+pZOyME6AhmS+yE+4 AZExDcLoM0EJ8IkimAimbjXIEAtMQMVVUiFYiy8vk3a9Zp3V6rfnl cZRHkcRHaJjVEUWukANdIOaqIUIGqNn9IretEx70d61j3lrQctnDt AfaJ8/8FaUPw==</latexit>
z 2 R
<latexit sha1_base64 ="7R52GRpjJltHlctIW85EoSl8+Fc=">AAAB9Xic bVDLSsNAFL2pr1pf9bFzM1gEVyVpBV0W3LisYh/Q xDKZTtqhk0mYmSg19D/cuFDErf/izr9x0mahrQcG Dufcyz1z/JgzpW372yqsrK6tbxQ3S1vbO7t75f2D tooSSWiLRDySXR8rypmgLc00p91YUhz6nHb88VXm dx6oVCwSd3oSUy/EQ8ECRrA20v2Ty4QbYj3y/fR2 2i9X7Ko9A1omTk4qkKPZL3+5g4gkIRWacKxUz7Fj 7aVYakY4nZbcRNEYkzEe0p6hAodUeeks9RSdGmWA gkiaJzSaqb83UhwqNQl9M5klVIteJv7n9RIdXHop E3GiqSDzQ0HCkY5QVgEaMEmJ5hNDMJHMZEVkhCUm 2hRVMiU4i19eJu1a1alXazfnlcZRXkcRjuEEzsCB C2jANTShBQQkPMMrvFmP1ov1bn3MRwtWvnMIf2B9 /gDibZKd</latexit>
 VAT +B
<latexit sha1_base64="+ n+a7miCU8c0Ur+nXknPZkWTpsw=">AAAB/HicbVDLSsN AFJ3UV62vaN25GSyCIJakCrqsunFZoS9oQ5hMJ+3QyST MTIQQ4q+4caGIWz/EnX/jpM1CWw8MHM65l3vmeBGjUlnW t1FaWV1b3yhvVra2d3b3zP2DrgxjgUkHhywUfQ9Jwign HUUVI/1IEBR4jPS86V3u9x6JkDTkbZVExAnQmFOfYqS0 5JrV866bDgOkJhix9CbL2me3rlmz6tYMcJnYBamBAi3X/ BqOQhwHhCvMkJQD24qUkyKhKGYkqwxjSSKEp2hMBppyF BDppLPwGTzRygj6odCPKzhTf2+kKJAyCTw9mceUi14u/u cNYuVfOynlUawIx/NDfsygCmHeBBxRQbBiiSYIC6qzQj xBAmGl+6roEuzFLy+TbqNuX9QbD5e15mFRRxkcgWNwCm xwBZrgHrRAB2CQgGfwCt6MJ+PFeDc+5qMlo9ipgj8wPn8 AIUCUSQ==</latexit>
 VAT
<latexit sha1_base64="m 0alOgjYYRakE36eMdGQyKwl6eQ=">AAAB+nicbVDLSsN AFL3xWesrVXdugkVwY0mqoMuKG5cV+oI2hMl00g6dTML MRCkxn+LGhSJu/RJ3/o2TNgttPTBwOOde7pnjx4xKZdvf xsrq2vrGZmmrvL2zu7dvVg46MkoEJm0csUj0fCQJo5y0 FVWM9GJBUOgz0vUnt7nffSBC0oi31DQmbohGnAYUI6Ul z6ycd7x0ECI1xoilN1nW8syqXbNnsJaJU5AqFGh65tdgG OEkJFxhhqTsO3as3BQJRTEjWXmQSBIjPEEj0teUo5BIN 51Fz6xTrQytIBL6cWXN1N8bKQqlnIa+nsxDykUvF//z+o kKrt2U8jhRhOP5oSBhloqsvAdrSAXBik01QVhQndXCYy QQVrqtsi7BWfzyMunUa85FrX5/WW0cFXWU4BhO4AwcuI IG3EET2oDhEZ7hFd6MJ+PFeDc+5qMrRrFzCH9gfP4AJFC TyA==</latexit>
static
<latexit sha1_base 64="+pQL6SPKSsdh5mjdQP648lBiUBM=">AA AB9XicbVDLTgIxFL2DL8QXPnZuGomJKzKDJ rokceMSE3kkMJJOKdDQ6UzaOyqZ8B9uXGiMW //FnX9jgVkoeJImp+fce3t7glgKg6777eRW VtfWN/Kbha3tnd294v5Bw0SJZrzOIhnpVkAN l0LxOgqUvBVrTsNA8mYwup76zQeujYjUHY5 j7od0oERfMIpWuu8gf8LUoL2xCekWS27ZnYE sEy8jJchQ6xa/Or2IJSFXyCQ1pu25Mfop1X ac5JNCJzE8pmxEB7xtqaIhN34623pCTq3SI/ 1I26OQzNTfHSkNjRmHga0MKQ7NojcV//PaC fav/FSoOEGu2PyhfiIJRmQaAekJzRnKsSWUa WF3JWxINWVogyrYELzFLy+TRqXsnZcrtxel 6lEWRx6O4QTOwINLqMIN1KAODDQ8wyu8OY/O i/PufMxLc07Wcwh/4Hz+AOQ6kp0=</latex it>
f.v.
<latexit sha1_base 64="DLwB3qomq3568B9TQW2qRnDDlkY=">AA AB83icbVDJSgNBEK1xjXGLy81LYxA8DTNR0 GPAi8cIZoHMEHo6PUmTnoXummAY8htePCji1 Z/x5t/YSeagiQ8KHu9VUVUvSKXQ6Djf1tr6 xubWdmmnvLu3f3BYOTpu6SRTjDdZIhPVCajm UsS8iQIl76SK0yiQvB2M7mZ+e8yVFkn8iJO U+xEdxCIUjKKRPA/5E+ahPbanpFepOrYzB1k lbkGqUKDRq3x5/YRlEY+RSap113VS9HOqUD DJp2Uv0zylbEQHvGtoTCOu/Xx+85RcGKVPwk SZipHM1d8TOY20nkSB6YwoDvWyNxP/87oZh rd+LuI0Qx6zxaIwkwQTMguA9IXiDOXEEMqUM LcSNqSKMjQxlU0I7vLLq6RVs90ru/ZwXa2f FnGU4AzO4RJcuIE63EMDmsAghWd4hTcrs16s d+tj0bpmFTMn8AfW5w+Qj5E5</latexit>
bounce
<latexit sha1_base 64="HnhKKxAKtGgBvHvvLMiKTAgJV5g=">AA AB9XicbVDLSgNBEJyNrxhf8XHzMhgET2E3C noMePEYwTwgWcPspJMMmZ1dZnrVsOQ/vHhQx Kv/4s2/cZLsQRMLGoqqbrq7glgKg6777eRW VtfWN/Kbha3tnd294v5Bw0SJ5lDnkYx0K2AG pFBQR4ESWrEGFgYSmsHoeuo3H0AbEak7HMf gh2ygRF9whla67yA8YRpEieIwod1iyS27M9B l4mWkRDLUusWvTi/iSQgKuWTGtD03Rj9lGg WXMCl0EgMx4yM2gLalioVg/HR29YSeWqVH+5 G2pZDO1N8TKQuNGYeB7QwZDs2iNxX/89oJ9 q/8VKg4QVB8vqifSIoRnUZAe0IDRzm2hHEt7 K2UD5lmHG1QBRuCt/jyMmlUyt55uXJ7Uaoe ZXHkyTE5IWfEI5ekSm5IjdQJJ5o8k1fy5jw6 L8678zFvzTnZzCH5A+fzB9GzkpE=</latex it>
shot
<latexit sha1_base 64="+/G5QaJsVbyhmVzVQ1wva23azdg=">AA AB83icbVDLSgNBEJyNrxhf8XHzMhgET2E3C noMePEYwTwgu4TZSScZMruzzPSKYclvePGgi Fd/xpt/4yTZgyYWNBRV3XR3hYkUBl332yms rW9sbhW3Szu7e/sH5cOjllGp5tDkSirdCZkB KWJookAJnUQDi0IJ7XB8O/Pbj6CNUPEDThI IIjaMxUBwhlbyfYQnzMxI4ZT2yhW36s5BV4m XkwrJ0eiVv/y+4mkEMXLJjOl6boJBxjQKLm Fa8lMDCeNjNoSupTGLwATZ/OYpPbdKnw6Uth Ujnau/JzIWGTOJQtsZMRyZZW8m/ud1UxzcB JmIkxQh5otFg1RSVHQWAO0LDRzlxBLGtbC3U j5imnG0MZVsCN7yy6ukVat6l9Xa/VWlfpLH USSn5IxcEI9ckzq5Iw3SJJwk5Jm8kjcndV6c d+dj0Vpw8plj8gfO5w9dVpG/</latexit>
⌧
<latexit sha1_ base64="FFX6B54YsUMQZeW1/D gRnix9zv0=">AAAB63icbVBNS8N AEJ34WetX/bh5WSyCp5JUQY8FLx 4r2A9oQ9lsN+3S3U3YnQgl9C94 8aCIV/+QN/+NSZuDtj4YeLw3w8y 8IJbCout+O2vrG5tb26Wd8u7e/s Fh5ei4baPEMN5ikYxMN6CWS6F5 CwVK3o0NpyqQvBNM7nK/88SNFZF +xGnMfUVHWoSCUcylPtJkUKm6N XcOskq8glShQHNQ+eoPI5YorpFJ am3Pc2P0U2pQMMln5X5ieUzZhI5 4L6OaKm79dH7rjFxkypCEkclKI 5mrvydSqqydqiDrVBTHdtnLxf+8 XoLhrZ8KHSfINVssChNJMCL542 QoDGcopxmhzIjsVsLG1FCGWTzlL ARv+eVV0q7XvKta/eG62jgt4ijB GZzDJXhwAw24hya0gMEYnuEV3h zlvDjvzseidc0pZk7gD5zPHxSlj h4=</latexit>
x
<lat exit s ha1_bas e64="kO a/Vz0o vGFb6nd pWtO/Zm evC7w= ">AAAB6 HicbVDL SgNBEO yNrxhf8 XHzMhgE T2E3Cn oMePGYg HlAsoTZ SW8yZn Z2mZkVQ 8gXePGg iFc/yZ t/4yTZg yYWNBRV 3XR3BY ng2rjut 5NbW9/Y 3MpvF3 Z29/YPi odHTR2 nimGDxS JW7YBqF Fxiw3A jsJ0opF EgsBWMb md+6xG V5rG8N+ ME/YgOJ A85o8Z K9adese SW3TnIK vEyUoI MtV7xq9 uPWRqhN ExQrTu emxh/Qp XhTOC00 E01JpS N6AA7lk oaofYn8 0On5Nw qfRLGyp Y0ZK7+n pjQSOt xFNjOiJ qhXvZm 4n9eJzX hjT/hMk kNSrZY FKaCmJj MviZ9rp AZMbaE MsXtrYQ NqaLM2G wKNgRv +eVV0qy UvctypX 5Vqp5k ceThFM7 gAjy4hi rcQQ0a wADhGV7 hzXlwXp x352PR mnOymWP 4A+fzB9 mxjNI= </latex it>
xA
<late xit sha1_ base64="s L9xvx1Afk 8YWRrkB+ y0ZZ4zeW4 =">AAAB+H icbVDLSsN AFL3xWeuj 8bFzM1gEV yWpgi4rbl xWsA9oQ5h Mp+3QyST MTMQa8iVu XCji1k9x5 984abPQ1g MDh3Pu5Z4 5QcyZ0o7z ba2srq1vb Ja2yts7u3 sVe/+gra JEEtoiEY9 kN8CKciZo SzPNaTeWF IcBp51gcp P7nQcqFYv EvZ7G1Avx SLAhI1gb ybcrj37aD 7EeE8zT6y zz7apTc2Z Ay8QtSBUK NH37qz+IS BJSoQnHSv VcJ9ZeiqV mhNOs3E8 UjTGZ4BHt GSpwSJWXz oJn6NQoAz SMpHlCo5n 6eyPFoVLT MDCTeUa16 OXif14v0c MrL2UiTj QVZH5omHC kI5S3gAZM UqL51BBMJ DNZERljiY k2XZVNCe7 il5dJu15z z2v1u4tq4 6ioowTHc AJn4MIlNO AWmtACAgk 8wyu8WU/W i/VufcxHV 6xi5xD+wP r8AUL1k1U =</latexi t>
xB
<late xit sha1_ base64="i 84juB3AL9 4gvSW5W1 0k5MEjsCo =">AAAB+H icbVDLSsN AFL3xWeuj 8bFzM1gEV yWpgi6Lbl xWsA9oQ5h Mp+3QyST MTMQa8iVu XCji1k9x5 984abPQ1g MDh3Pu5Z4 5QcyZ0o7z ba2srq1vb Ja2yts7u3 sVe/+gra JEEtoiEY9 kN8CKciZo SzPNaTeWF IcBp51gcp P7nQcqFYv EvZ7G1Avx SLAhI1gb ybcrj37aD 7EeE8zT6y zz7apTc2Z Ay8QtSBUK NH37qz+IS BJSoQnHSv VcJ9ZeiqV mhNOs3E8 UjTGZ4BHt GSpwSJWXz oJn6NQoAz SMpHlCo5n 6eyPFoVLT MDCTeUa16 OXif14v0c MrL2UiTj QVZH5omHC kI5S3gAZM UqL51BBMJ DNZERljiY k2XZVNCe7 il5dJu15z z2v1u4tq4 6ioowTHc AJn4MIlNO AWmtACAgk 8wyu8WU/W i/VufcxHV 6xi5xD+wP r8AUR7k1Y =</latexi t>
w(z)
<latexit sha1_base64="G2ZXi HT6axNK9m2tOj0GTIDBAwk=">AAAB63icbVDLSgNBEOz1GeMrPm5 eBoMQL2E3CnoMePEYwTwgWcLsZDYZMjO7zMwqcckvePGgiFd/yJt /42yyB00saCiquunuCmLOtHHdb2dldW19Y7OwVdze2d3bLx0ctnS UKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjeZ336gSrNI3ptJTH2 Bh5KFjGCTSY+Vp/N+qexW3RnQMvFyUoYcjX7pqzeISCKoNIRjrbu eGxs/xcowwum02Es0jTEZ4yHtWiqxoNpPZ7dO0ZlVBiiMlC1p0Ez 9PZFiofVEBLZTYDPSi14m/ud1ExNe+ymTcWKoJPNFYcKRiVD2OBo wRYnhE0swUczeisgIK0yMjadoQ/AWX14mrVrVu6jW7i7L9eM8jgK cwClUwIMrqMMtNKAJBEbwDK/w5gjnxXl3PuatK04+cwR/4Hz+AHz Yjbo=</latexit>
z
<latexit sha1_base 64="P+6v86OMxqdKN88RA5oMVxymveM="> AAAB6HicbVDLSgNBEOyNrxhf8XHzMhgET2 E3CnoMePGYgHlAsoTZSW8yZnZ2mZkVYsgX ePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2r jut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDx SJW7YBqFFxiw3AjsJ0opFEgsBWMbmd+6xG V5rG8N+ME/YgOJA85o8ZK9adeseSW3TnIK vEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpX hTOC00E01JpSN6AA7lkoaofYn80On5NwqfR LGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9e JzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMb aEMsXtrYQNqaLM2GwKNgRv+eVV0qyUvcty pX5Vqp5kceThFM7gAjy4hircQQ0awADhGV 7hzXlwXpx352PRmnOymWP4A+fzB9y5jNQ=< /latexit>
Figure 10: Left: Set of paths with x(0) = x(T ) = xA. For a double-well potential with two distinct
vacua, on-shell paths are shown by solid lines: red is the static false vacuum path, purple the bounce,
and blue the ”shot.” The deformation of the static false vacuum path to the shot corresponds to a
moving along a curve w(z) in function space that passes through all three saddles, and specifically
through the bounce in the direction of its negative mode. The negative mode direction corresponds
to contracting/expanding the bounce. The negative mode can be seen in the adjacent plot. Right:
Euclidean actions for paths along w(z). The shot is a local maximum of SE.
leading contribution, we encounter half of a wrong-sign Gaussian integral, as expected,
N ′
∫
Dw(z)⊥
∫ 1+∆z
1
dze−SE[w(z)+w(z)
⊥]/~ (A.33)
≈ N
∫
Dw(z)⊥
∫ ∞
−∞
dc0(2pi~)−1/2e−SE[xb+c0y0+w(1)
⊥]/~ (A.34)
= Ne−SE[xb]/~
∫
Dw(1)⊥e−SE[w(1)⊥]/~
∫ ∞
−∞
dc0(2pi~)−1/2e+
1
2~ |λ0|c20 . (A.35)
We trade this contribution for that computed using one of the bounce’s descent rays. Namely,
the factor from orthogonal directions times ±Ne−SE[xb]/~J , where J is given by,
J ≡(2pi~)−1/2
∫ +i∞
0
dc0 e
+ 1
2~ |λ0|c20 (A.36)
= (2pi~)−1/2
∫ +∞
0
idη e−
1
2~ |λ0|η2 (A.37)
=
i
2
1√|λ0| . (A.38)
Each portion of the real z-axis around the location an n-bounce encounters the same wrong-
sign Gaussian,∫ n+∆z
n
dze−SE[w(n)+w(n)
⊥]/~ ≈ e−SE[xn−bounce]/~e−SE[w(n)⊥]/~
∫ ∞
0
dc0(2pi~)−1/2e+
1
2~ |λ0|c20 .
We therefore we make the same deformation of the contour into the complex z-plane as we
34
 V
<latexit sha 1_base64="7/BbunEwX834a D0IwQ0Mmud7Khs=">AAAB6 XicbVBNS8NAEJ34WetX1aOX pUXwYkmqoMeCF49V7Ae0oWy 2k3bpZhN2N0IJ/QdePCji1X /kzX/jts1BWx8MPN6bYWZek Aiujet+O2vrG5tb24Wd4u7 e/sFh6ei4peNUMWyyWMSqE1 CNgktsGm4EdhKFNAoEtoPx7 cxvP6HSPJaPZpKgH9Gh5CFn 1Fjp4aLVL1XcqjsHWSVeTiq Qo9EvffUGMUsjlIYJqnXXc xPjZ1QZzgROi71UY0LZmA6x a6mkEWo/m186JWdWGZAwVra kIXP190RGI60nUWA7I2pGet mbif953dSEN37GZZIalGyxK EwFMTGZvU0GXCEzYmIJZYr bWwkbUUWZseEUbQje8surpF WrepfV2v1VpV7O4yjAKZThH Dy4hjrcQQOawCCEZ3iFN2fs vDjvzseidc3JZ07gD5zPHxO zjPU=</latexit>
SE[w(z)]
<latexit sha1_base64="E jXL9KA+rWTcffLhjU7x3snVdQ8=">AAAB+3icbVDLSsNAF J3UV62vWJe6CBahbkpSBV0WRHBZ0T4gDWEynbRDJw9mbr Q15FfcuFDErT/izr9x2mahrQcuHM65l3vv8WLOJJjmt1ZY WV1b3yhulra2d3b39P1yW0aJILRFIh6Jrocl5SykLWDAaT cWFAcepx1vdDX1Ow9USBaF9zCJqRPgQch8RjAoydXLd27 aAzqG9DrL7Mfq06nj6hWzZs5gLBMrJxWUo+nqX71+RJKAh kA4ltK2zBicFAtghNOs1EskjTEZ4QG1FQ1xQKWTzm7PjB Ol9A0/EqpCMGbq74kUB1JOAk91BhiGctGbiv95dgL+pZOy ME6AhmS+yE+4AZExDcLoM0EJ8IkimAimbjXIEAtMQMVVUi FYiy8vk3a9Zp3V6rfnlcZRHkcRHaJjVEUWukANdIOaqIU IGqNn9IretEx70d61j3lrQctnDtAfaJ8/8FaUPw==</lat exit>
x
<latexit sha 1_base64="kOa/Vz0ovGFb6 ndpWtO/ZmevC7w=">AAAB6 HicbVDLSgNBEOyNrxhf8XHz MhgET2E3CnoMePGYgHlAsoT ZSW8yZnZ2mZkVQ8gXePGgiF c/yZt/4yTZgyYWNBRV3XR3B Yng2rjut5NbW9/Y3MpvF3Z 29/YPiodHTR2nimGDxSJW7Y BqFFxiw3AjsJ0opFEgsBWMb md+6xGV5rG8N+ME/YgOJA85 o8ZK9adeseSW3TnIKvEyUoI MtV7xq9uPWRqhNExQrTuem xh/QpXhTOC00E01JpSN6AA7 lkoaofYn80On5NwqfRLGypY 0ZK7+npjQSOtxFNjOiJqhXv Zm4n9eJzXhjT/hMkkNSrZYF KaCmJjMviZ9rpAZMbaEMsX trYQNqaLM2GwKNgRv+eVV0q yUvctypX5Vqp5kceThFM7gA jy4hircQQ0awADhGV7hzXlw Xpx352PRmnOymWP4A+fzB9m xjNI=</latexit>
xA
<latexit sha 1_base64="sL9xvx1Afk8YW RrkB+y0ZZ4zeW4=">AAAB+ HicbVDLSsNAFL3xWeuj8bFz M1gEVyWpgi4rblxWsA9oQ5h Mp+3QySTMTMQa8iVuXCji1k 9x5984abPQ1gMDh3Pu5Z45Q cyZ0o7zba2srq1vbJa2yts 7u3sVe/+graJEEtoiEY9kN8 CKciZoSzPNaTeWFIcBp51gc pP7nQcqFYvEvZ7G1AvxSLAh I1gbybcrj37aD7EeE8zT6yz z7apTc2ZAy8QtSBUKNH37q z+ISBJSoQnHSvVcJ9ZeiqVm hNOs3E8UjTGZ4BHtGSpwSJW XzoJn6NQoAzSMpHlCo5n6ey PFoVLTMDCTeUa16OXif14v0 cMrL2UiTjQVZH5omHCkI5S 3gAZMUqL51BBMJDNZERljiY k2XZVNCe7il5dJu15zz2v1u 4tq46ioowTHcAJn4MIlNOAW mtACAgk8wyu8WU/Wi/Vufcx HV6xi5xD+wPr8AUL1k1U=< /latexit>
xB
<latexit sha 1_base64="i84juB3AL94gv SW5W10k5MEjsCo=">AAAB+ HicbVDLSsNAFL3xWeuj8bFz M1gEVyWpgi6LblxWsA9oQ5h Mp+3QySTMTMQa8iVuXCji1k 9x5984abPQ1gMDh3Pu5Z45Q cyZ0o7zba2srq1vbJa2yts 7u3sVe/+graJEEtoiEY9kN8 CKciZoSzPNaTeWFIcBp51gc pP7nQcqFYvEvZ7G1AvxSLAh I1gbybcrj37aD7EeE8zT6yz z7apTc2ZAy8QtSBUKNH37q z+ISBJSoQnHSvVcJ9ZeiqVm hNOs3E8UjTGZ4BHtGSpwSJW XzoJn6NQoAzSMpHlCo5n6ey PFoVLTMDCTeUa16OXif14v0 cMrL2UiTjQVZH5omHCkI5S 3gAZMUqL51BBMJDNZERljiY k2XZVNCe7il5dJu15zz2v1u 4tq46ioowTHcAJn4MIlNOAW mtACAgk8wyu8WU/Wi/Vufcx HV6xi5xD+wPr8AUR7k1Y=< /latexit> VA
<latexit sha 1_base64="otR3zFHJ4w5NJ s6CM7a6rJwQSu4=">AAAB+ XicbVDLSsNAFL2pr1pf8bFz M1gEN5akCrqsuHFZwT6gDWE ynbZDJ5MwMymUkD9x40IRt/ 6JO//GSZuFth4YOJxzL/fMC WLOlHacb6u0tr6xuVXeruz s7u0f2IdHbRUlktAWiXgkuw FWlDNBW5ppTruxpDgMOO0Ek /vc70ypVCwST3oWUy/EI8GG jGBtJN+2L9t+2g+xHhPM07s s8+2qU3PmQKvELUgVCjR9+ 6s/iEgSUqEJx0r1XCfWXoql ZoTTrNJPFI0xmeAR7RkqcEi Vl86TZ+jcKAM0jKR5QqO5+n sjxaFSszAwk3lGtezl4n9eL 9HDWy9lIk40FWRxaJhwpCO U14AGTFKi+cwQTCQzWREZY4 mJNmVVTAnu8pdXSbtec69q9 cfrauOkqKMMp3AGF+DCDTTg AZrQAgJTeIZXeLNS68V6tz4 WoyWr2DmGP7A+fwB5h5Nq< /latexit>
 VB
<latexit sha 1_base64="cQ1Qk7vFrsmIr NJzHpL6ceESx/o=">AAAB+ XicbVDLSsNAFL2pr1pf8bFz M1gEN5akCrosunFZwT6gDWE ynbZDJ5MwMymUkD9x40IRt/ 6JO//GSZuFth4YOJxzL/fMC WLOlHacb6u0tr6xuVXeruz s7u0f2IdHbRUlktAWiXgkuw FWlDNBW5ppTruxpDgMOO0Ek /vc70ypVCwST3oWUy/EI8GG jGBtJN+2L9t+2g+xHhPM07s s8+2qU3PmQKvELUgVCjR9+ 6s/iEgSUqEJx0r1XCfWXoql ZoTTrNJPFI0xmeAR7RkqcEi Vl86TZ+jcKAM0jKR5QqO5+n sjxaFSszAwk3lGtezl4n9eL 9HDWy9lIk40FWRxaJhwpCO U14AGTFKi+cwQTCQzWREZY4 mJNmVVTAnu8pdXSbtec69q9 cfrauOkqKMMp3AGF+DCDTTg AZrQAgJTeIZXeLNS68V6tz4 WoyWr2DmGP7A+fwB7DZNr< /latexit>
 VAT +B
<latexit sha1_base64="+ n+a7miCU8c0Ur+nXknPZkWTpsw=">AAAB/HicbVDLSsNAF J3UV62vaN25GSyCIJakCrqsunFZoS9oQ5hMJ+3QySTMTI QQ4q+4caGIWz/EnX/jpM1CWw8MHM65l3vmeBGjUlnWt1Fa WV1b3yhvVra2d3b3zP2DrgxjgUkHhywUfQ9JwignHUUVI/ 1IEBR4jPS86V3u9x6JkDTkbZVExAnQmFOfYqS05JrV866 bDgOkJhix9CbL2me3rlmz6tYMcJnYBamBAi3X/BqOQhwHh CvMkJQD24qUkyKhKGYkqwxjSSKEp2hMBppyFBDppLPwGT zRygj6odCPKzhTf2+kKJAyCTw9mceUi14u/ucNYuVfOynl UawIx/NDfsygCmHeBBxRQbBiiSYIC6qzQjxBAmGl+6roEu zFLy+TbqNuX9QbD5e15mFRRxkcgWNwCmxwBZrgHrRAB2C QgGfwCt6MJ+PFeDc+5qMlo9ipgj8wPn8AIUCUSQ==</lat exit>
 VAT
<latexit sha1_base64="m 0alOgjYYRakE36eMdGQyKwl6eQ=">AAAB+nicbVDLSsNAF L3xWesrVXdugkVwY0mqoMuKG5cV+oI2hMl00g6dTMLMRC kxn+LGhSJu/RJ3/o2TNgttPTBwOOde7pnjx4xKZdvfxsrq 2vrGZmmrvL2zu7dvVg46MkoEJm0csUj0fCQJo5y0FVWM9G JBUOgz0vUnt7nffSBC0oi31DQmbohGnAYUI6Ulz6ycd7x 0ECI1xoilN1nW8syqXbNnsJaJU5AqFGh65tdgGOEkJFxhh qTsO3as3BQJRTEjWXmQSBIjPEEj0teUo5BIN51Fz6xTrQ ytIBL6cWXN1N8bKQqlnIa+nsxDykUvF//z+okKrt2U8jhR hOP5oSBhloqsvAdrSAXBik01QVhQndXCYyQQVrqtsi7BWf zyMunUa85FrX5/WW0cFXWU4BhO4AwcuIIG3EET2oDhEZ7 hFd6MJ+PFeDc+5qMrRrFzCH9gfP4AJFCTyA==</latexit >
static
<latexit sha1_base64="+ pQL6SPKSsdh5mjdQP648lBiUBM=">AAAB9XicbVDLTgIxF L2DL8QXPnZuGomJKzKDJrokceMSE3kkMJJOKdDQ6UzaOy qZ8B9uXGiMW//FnX9jgVkoeJImp+fce3t7glgKg6777eRW VtfWN/Kbha3tnd294v5Bw0SJZrzOIhnpVkANl0LxOgqUvB VrTsNA8mYwup76zQeujYjUHY5j7od0oERfMIpWuu8gf8L UoL2xCekWS27ZnYEsEy8jJchQ6xa/Or2IJSFXyCQ1pu25M fop1Xac5JNCJzE8pmxEB7xtqaIhN34623pCTq3SI/1I26 OQzNTfHSkNjRmHga0MKQ7NojcV//PaCfav/FSoOEGu2Pyh fiIJRmQaAekJzRnKsSWUaWF3JWxINWVogyrYELzFLy+TRq XsnZcrtxel6lEWRx6O4QTOwINLqMIN1KAODDQ8wyu8OY/ Oi/PufMxLc07Wcwh/4Hz+AOQ6kp0=</latexit>
f.v.
<latexit sha1_base64="D LwB3qomq3568B9TQW2qRnDDlkY=">AAAB83icbVDJSgNBE K1xjXGLy81LYxA8DTNR0GPAi8cIZoHMEHo6PUmTnoXumm AY8htePCji1Z/x5t/YSeagiQ8KHu9VUVUvSKXQ6Djf1tr6 xubWdmmnvLu3f3BYOTpu6SRTjDdZIhPVCajmUsS8iQIl76 SK0yiQvB2M7mZ+e8yVFkn8iJOU+xEdxCIUjKKRPA/5E+a hPbanpFepOrYzB1klbkGqUKDRq3x5/YRlEY+RSap113VS9 HOqUDDJp2Uv0zylbEQHvGtoTCOu/Xx+85RcGKVPwkSZip HM1d8TOY20nkSB6YwoDvWyNxP/87oZhrd+LuI0Qx6zxaIw kwQTMguA9IXiDOXEEMqUMLcSNqSKMjQxlU0I7vLLq6RVs9 0ru/ZwXa2fFnGU4AzO4RJcuIE63EMDmsAghWd4hTcrs16 sd+tj0bpmFTMn8AfW5w+Qj5E5</latexit>
bounce
<latexit sha1_base64="H nhKKxAKtGgBvHvvLMiKTAgJV5g=">AAAB9XicbVDLSgNBE JyNrxhf8XHzMhgET2E3CnoMePEYwTwgWcPspJMMmZ1dZn rVsOQ/vHhQxKv/4s2/cZLsQRMLGoqqbrq7glgKg6777eRW VtfWN/Kbha3tnd294v5Bw0SJ5lDnkYx0K2AGpFBQR4ESWr EGFgYSmsHoeuo3H0AbEak7HMfgh2ygRF9whla67yA8YRp EieIwod1iyS27M9Bl4mWkRDLUusWvTi/iSQgKuWTGtD03R j9lGgWXMCl0EgMx4yM2gLalioVg/HR29YSeWqVH+5G2pZ DO1N8TKQuNGYeB7QwZDs2iNxX/89oJ9q/8VKg4QVB8vqif SIoRnUZAe0IDRzm2hHEt7K2UD5lmHG1QBRuCt/jyMmlUyt 55uXJ7UaoeZXHkyTE5IWfEI5ekSm5IjdQJJ5o8k1fy5jw 6L8678zFvzTnZzCH5A+fzB9GzkpE=</latexit> shot
<latexit sha1_base64="+ /G5QaJsVbyhmVzVQ1wva23azdg=">AAAB83icbVDLSgNBE JyNrxhf8XHzMhgET2E3CnoMePEYwTwgu4TZSScZMruzzP SKYclvePGgiFd/xpt/4yTZgyYWNBRV3XR3hYkUBl332yms rW9sbhW3Szu7e/sH5cOjllGp5tDkSirdCZkBKWJookAJnU QDi0IJ7XB8O/Pbj6CNUPEDThIIIjaMxUBwhlbyfYQnzMx I4ZT2yhW36s5BV4mXkwrJ0eiVv/y+4mkEMXLJjOl6boJBx jQKLmFa8lMDCeNjNoSupTGLwATZ/OYpPbdKnw6UthUjna u/JzIWGTOJQtsZMRyZZW8m/ud1UxzcBJmIkxQh5otFg1RS VHQWAO0LDRzlxBLGtbC3Uj5imnG0MZVsCN7yy6ukVat6l9 Xa/VWlfpLHUSSn5IxcEI9ckzq5Iw3SJJwk5Jm8kjcndV6 cd+dj0Vpw8plj8gfO5w9dVpG/</latexit>
static
<latex it sha1_base 64="+pQL6SP KSsdh5mjdQP 648lBiUBM="> AAAB9XicbVD LTgIxFL2DL8Q XPnZuGomJKz KDJrokceMSE 3kkMJJOKdDQ6 UzaOyqZ8B9u XGiMW//FnX9j gVkoeJImp+f ce3t7glgKg6 777eRWVtfWN/ Kbha3tnd294 v5Bw0SJZrzOI hnpVkANl0Lx OgqUvBVrTsN A8mYwup76zQe ujYjUHY5j7o d0oERfMIpWuu 8gf8LUoL2xC ekWS27ZnYEs Ey8jJchQ6xa/ Or2IJSFXyCQ 1pu25Mfop1Xa c5JNCJzE8pm xEB7xtqaIhN 34623pCTq3SI /1I26OQzNTf HSkNjRmHga0 MKQ7NojcV//P aCfav/FSoOE Gu2PyhfiIJRm QaAekJzRnKs SWUaWF3JWxI NWVogyrYELzF Ly+TRqXsnZc rtxel6lEWRx6 O4QTOwINLqM IN1KAODDQ8w yu8OY/Oi/Puf MxLc07Wcwh/ 4Hz+AOQ6kp0= </latexit>
f.v.
<latex it sha1_base 64="DLwB3qo mq3568B9TQW 2qRnDDlkY="> AAAB83icbVD JSgNBEK1xjXG Ly81LYxA8DT NR0GPAi8cIZ oHMEHo6PUmTn oXummAY8hte PCji1Z/x5t/Y SeagiQ8KHu9 VUVUvSKXQ6D jf1tr6xubWdm mnvLu3f3BYO Tpu6SRTjDdZI hPVCajmUsS8 iQIl76SK0yi QvB2M7mZ+e8y VFkn8iJOU+x EdxCIUjKKRPA /5E+ahPbanp FepOrYzB1kl bkGqUKDRq3x5 /YRlEY+RSap 113VS9HOqUDD Jp2Uv0zylbE QHvGtoTCOu/ Xx+85RcGKVPw kSZipHM1d8T OY20nkSB6Yw oDvWyNxP/87o Zhrd+LuI0Qx 6zxaIwkwQTMg uA9IXiDOXEE MqUMLcSNqSK MjQxlU0I7vLL q6RVs90ru/Z wXa2fFnGU4Az O4RJcuIE63E MDmsAghWd4h Tcrs16sd+tj0 bpmFTMn8AfW 5w+Qj5E5</la texit>
bounce
<latexit sha 1_base64="HnhKKxAKtGgBv HvvLMiKTAgJV5g=">AAAB9 XicbVDLSgNBEJyNrxhf8XHz MhgET2E3CnoMePEYwTwgWcP spJMMmZ1dZnrVsOQ/vHhQxK v/4s2/cZLsQRMLGoqqbrq7g lgKg6777eRWVtfWN/Kbha3 tnd294v5Bw0SJ5lDnkYx0K2 AGpFBQR4ESWrEGFgYSmsHoe uo3H0AbEak7HMfgh2ygRF9w hla67yA8YRpEieIwod1iyS2 7M9Bl4mWkRDLUusWvTi/iS QgKuWTGtD03Rj9lGgWXMCl0 EgMx4yM2gLalioVg/HR29YS eWqVH+5G2pZDO1N8TKQuNGY eB7QwZDs2iNxX/89oJ9q/8V Kg4QVB8vqifSIoRnUZAe0I DRzm2hHEt7K2UD5lmHG1QBR uCt/jyMmlUyt55uXJ7UaoeZ XHkyTE5IWfEI5ekSm5IjdQJ J5o8k1fy5jw6L8678zFvzTn ZzCH5A+fzB9GzkpE=</lat exit>
shot
<latexit sha 1_base64="+/G5QaJsVbyhm VzVQ1wva23azdg=">AAAB8 3icbVDLSgNBEJyNrxhf8XHz MhgET2E3CnoMePEYwTwgu4T ZSScZMruzzPSKYclvePGgiF d/xpt/4yTZgyYWNBRV3XR3h YkUBl332ymsrW9sbhW3Szu 7e/sH5cOjllGp5tDkSirdCZ kBKWJookAJnUQDi0IJ7XB8O /Pbj6CNUPEDThIIIjaMxUBw hlbyfYQnzMxI4ZT2yhW36s5 BV4mXkwrJ0eiVv/y+4mkEM XLJjOl6boJBxjQKLmFa8lMD CeNjNoSupTGLwATZ/OYpPbd Knw6UthUjnau/JzIWGTOJQt sZMRyZZW8m/ud1UxzcBJmIk xQh5otFg1RSVHQWAO0LDRz lxBLGtbC3Uj5imnG0MZVsCN 7yy6ukVat6l9Xa/VWlfpLHU SSn5IxcEI9ckzq5Iw3SJJwk 5Jm8kjcndV6cd+dj0Vpw8pl j8gfO5w9dVpG/</latexit >
z 2 R
<latexit sha1_base64="7 R52GRpjJltHlctIW85EoSl8+Fc=">AAAB9XicbVDLSsNAF L2pr1pf9bFzM1gEVyVpBV0W3LisYh/QxDKZTtqhk0mYmS g19D/cuFDErf/izr9x0mahrQcGDufcyz1z/JgzpW372yqs rK6tbxQ3S1vbO7t75f2DtooSSWiLRDySXR8rypmgLc00p9 1YUhz6nHb88VXmdx6oVCwSd3oSUy/EQ8ECRrA20v2Ty4Q bYj3y/fR22i9X7Ko9A1omTk4qkKPZL3+5g4gkIRWacKxUz 7Fj7aVYakY4nZbcRNEYkzEe0p6hAodUeeks9RSdGmWAgk iaJzSaqb83UhwqNQl9M5klVIteJv7n9RIdXHopE3GiqSDz Q0HCkY5QVgEaMEmJ5hNDMJHMZEVkhCUm2hRVMiU4i19eJu 1a1alXazfnlcZRXkcRjuEEzsCBC2jANTShBQQkPMMrvFm P1ov1bn3MRwtWvnMIf2B9/gDibZKd</latexit>
Re(z)
<latexit sha1_base64="6 mjM6Eaz+00ZD8Gj0dp7ozucOfw=">AAAB83icbVDJSgNBE O2JW4xbXG5eGoMQL2EmCnoMePEYxSyQGUJPp5I06Vnorh HjkN/w4kERr/6MN//GTjIHTXxQ8Hiviqp6fiyFRtv+tnIr q2vrG/nNwtb2zu5ecf+gqaNEcWjwSEaq7TMNUoTQQIES2r ECFvgSWv7oeuq3HkBpEYX3OI7BC9ggFH3BGRrJdREeMb2 DSfnprFss2RV7BrpMnIyUSIZ6t/jl9iKeBBAil0zrjmPH6 KVMoeASJgU30RAzPmID6BgasgC0l85untBTo/RoP1KmQq Qz9fdEygKtx4FvOgOGQ73oTcX/vE6C/SsvFWGcIIR8vqif SIoRnQZAe0IBRzk2hHElzK2UD5liHE1MBROCs/jyMmlWK8 55pXp7UaodZXHkyTE5IWXikEtSIzekThqEk5g8k1fyZiX Wi/Vufcxbc1Y2c0j+wPr8AdC1kWM=</latexit>
Re(SE)
<latexit sha1_base64="2 FTotsLbbbgh3xdFAeHoVwXj1S0=">AAACAXicbVDJSgNBE O2JW4xb1Iugh8YgxEuYiYIeAyJ4jEsWSELo6VSSJj0L3T ViGMaLv+LFgyJe/Qtv/o2d5aCJDwpev1dFVz03lEKjbX9b qYXFpeWV9GpmbX1jcyu7vVPVQaQ4VHggA1V3mQYpfKigQA n1UAHzXAk1d3Ax8mv3oLQI/DschtDyWM8XXcEZGqmd3Ws iPGB8A0n+th1PHpdJckzb2ZxdsMeg88SZkhyZotzOfjU7A Y888JFLpnXDsUNsxUyh4BKSTDPSEDI+YD1oGOozD3QrHl +Q0COjdGg3UKZ8pGP190TMPK2Hnms6PYZ9PeuNxP+8RoTd 81Ys/DBC8Pnko24kKQZ0FAftCAUc5dAQxpUwu1LeZ4pxNK FlTAjO7MnzpFosOCeF4vVprnQwjSNN9skhyROHnJESuSJ lUiGcPJJn8krerCfrxXq3PiatKWs6s0v+wPr8AXR2lsI=< /latexit>
Im(z)
<latexit sha1_base64="j oGT/5Jtik7Otiz4yMHoLCNT794=">AAAB83icbVDLSgNBE JyNrxhf8XHzMhiEeAm7UdBjwIveIpgHZJcwO5kkQ2Zml5 leMS75DS8eFPHqz3jzb5wke9DEgoaiqpvurjAW3IDrfju5 ldW19Y38ZmFre2d3r7h/0DRRoilr0EhEuh0SwwRXrAEcBG vHmhEZCtYKR9dTv/XAtOGRuodxzAJJBor3OSVgJd8H9gj prZyUn866xZJbcWfAy8TLSAllqHeLX34voolkCqggxnQ8N 4YgJRo4FWxS8BPDYkJHZMA6lioimQnS2c0TfGqVHu5H2p YCPFN/T6REGjOWoe2UBIZm0ZuK/3mdBPpXQcpVnABTdL6o nwgMEZ4GgHtcMwpibAmhmttbMR0STSjYmAo2BG/x5WXSrF a880r17qJUO8riyKNjdILKyEOXqIZuUB01EEUxekav6M1 JnBfn3fmYt+acbOYQ/YHz+QPPJJFi</latexit>
+
<latexit sha1_base64="JO3jPNPlhnt3vsjmPoux4rc7 G1o=">AAAB6HicbVDLSgNBEOyNrxhf8XHzMhgEQQi7UdBjwIvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJH jSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/l gxkn6Ed0IHnIGTVWql/2iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86 JedW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJb/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZ TsCF4yy+vkmal7F2VK/XrUvUkiyMPp3AGF+DBDVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP2T9jIU=</late xit>
 <latexit sha1_base64="o9zfpPdSP9tXm02tP8W/uO7b D0s=">AAAB6HicbVDLSgNBEOyNrxhf8XHzMhgEL4bdKOgx4MVjAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD 5pY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupv5rSdUmsfy wYwT9CM6kDzkjBor1S97xZJbducgq8TLSAky1HrFr24/ZmmE0jBBte54bmL8CVWGM4HTQjfVmFA2ogPsWCpphNqfzA+d knOr9EkYK1vSkLn6e2JCI63HUWA7I2qGetmbif95ndSEt/6EyyQ1KNliUZgKYmIy+5r0uUJmxNgSyhS3txI2pIoyY7M p2BC85ZdXSbNS9q7Klfp1qXqSxZGHUziDC/DgBqpwDzVoAAOEZ3iFN+fReXHenY9Fa87JZo7hD5zPH2gFjIc=</late xit>
Figure 11: Top row: Left: Potential with two local minima. Middle: a real quartic function
h(x) = (x2 − 1)2 + x5 that serves as a stand-in for SE[w(z)], plotted as a function of real z. Right:
Contour plot of Re(h(z)) in the complex z-plane. Bottom row: Left: curves in the complex plane
where Im(h(z)) = 0. Solid lines represent descent contours emanating from a saddle, dotted lines
represent ascent directions. The different saddles are distinguished using different colors. Along the
x-axis where the ascent directions emanating from one saddle lead into/coincide with the descent
directions of a neighboring saddle, the two curves are offset for legibility. Right: Full steepest descent
contour for
∫∞
−∞ e
−h(x). Follow the red arrows first, then purple, then blue.
did for the single-bounce. Our convention is to select the bounce’s descent ray in the upper
half-plane (but the choice is arbitrary). So far we have,∫ ∞
−∞
dz →
(∫ 1
−∞
dz +
∫
C1
+
∫
C2
+ · · ·+
∫
Cnmax
)
KE(xA, xA, T ) = NI0 + · · ·+Ne−SE[xb]/~
∫
Dw(1)⊥e−SE[w(1)⊥]/~(J + . . . )
+
nmax∑
n=2
Ne−SE[xn-bounce]/~
∫
Dw(n)⊥e−SE[w(n)⊥]/~(J + . . . )
where the ellipses following NI0 represent subleading perturbative terms in the static false
vacuum contribution, and those following the J ’s represent subleading corrections to J as
well as integrals over any remaining segments of the Ci. For example, if after the bounce
w(z) passes through a local minimum of SE, for instance through the shot saddle point, the
full deformation around the bounce involves two additional segments which precisely cancel
J , ∫
C1
dz ≈
∫ 1+i∞
1
dz +
∫ 1−i∞
1+i∞
dz +
∫ 1
1−i∞
dz +
∫
Cshot
dz. (A.39)
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This contour is shown in the figure 11. The first three segments produce the following leading
order contribution,
Ne−SE[xb]/~
∫
Dw(1)⊥e−SE[w(1)⊥]/~(J − 2J + J) (A.40)
which vanishes. This is to be expected for a real integral
∫∞
−∞ e
−SE[w(z)]/~, since ultimately
all imaginary terms in the saddle approximation would need to cancel order by order. (the
ground state energy is real, after all.) Nevertheless, the decay rate is related specifically to
the magnitude the contribution from one of the bounce’s descent rays.
Now we will evaluate the
∫ Dw(1)⊥ factor in the single-bounce contribution. The or-
thogonal directions lie in the span of the eigenmodes of the operator in S′′E[xb] excluding
the negative mode direction, w(1)⊥ = span({yn}∞n=1). Thus, we find the leading contribu-
tion from the single bounce coming from the imaginary half-line segment of steepest descent
contour C1 is,
Ne−SE [xb]
i
2
1√|λ0|
∫
(2pi~)−1/2dc1
∞∏
j=2
∫ ∞
−∞
dcj(2pi~)−1/2e−
1
2~λjc
2
j (A.41)
= Ne−SE [xb]J (Zero mode factor)× (positive modes factor) (A.42)
(Zero mode factor)× (positive modes factor) = Range(c1)
(2pi~)1/2
∏
n>1
λ−1/2n . (A.43)
Range(c1) works out to T
√
B due to the normalization of y1(τ) we mentioned earlier.
Now the idea is to deal with all the second negative mode directions for the n ≥ 2 multi-
bounces. Replacing all the second wrong sign Gaussian integral in the remaining n-bounce
contribution with (J + . . . ), and then all the third wrong sign Gaussians, and so on yields,
KE(xA, xA, T ) = NI0 + · · ·+Ne−SE[xb]/~
[
i
2
(
T
√
B
2pi~
)
(det′(−d2τ + V ′′[xb]))−1/2 + . . . )
]
+
nmax∑
n=2
Ne−SE[xn-bounce]/~(J + . . . )n
n∏
j=1
∫
(2pi~)−1/2dc(j)1
(∏
k>1
λ
−1/2
k
)n
where det′ is the determinant factor obtained by omitting zero eigenvalues, and taking the
absolute value of negative eigenvalues. This procedure is iterative in the sense that it is
equivalent to applying steepest descent on the set of 1-dimensional real integrals arising from
evaluating the functional SE along n curves w(j)(z) in function space that pass through the
false vacuum static path, and then through each multi-bounce saddle in the direction of the
negative mode associated with its jth out of n < nmax bounces.
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The volume factor from integrating over the zero modes for the n-bounce works out to
n∏
j=1
∫
(2pi~)−1/2dc(j)1 =
1
n!
(
T
√
B
2pi~
)n
(A.44)
The volume isn’t simply the 1-dimensional result raised to the n because the range of each c
(j)
1
is limited by the fact that it cannot correspond to shifting a bounce past one of its neighbors.
The bounces are indistinguishable, so doing so would amount to double counting the contri-
bution to the Euclidean propagator. Putting everything together gives the decomposition,
KE(xA, xA, T ) = NI0 + · · ·+Ne−SE[xA]/~
nmax∑
n=1
e−nB/~
n!
[
iT
2
√
B
2pi~
(det′(−d2τ + V ′′[xb]))−1/2 + . . . )
]n
= NI0
1 + · · ·+ nmax∑
n=1
1
n!
[
i
2
e−B/~
(
T
√
B
2pi~
)(√
det′(−d2τ + ω2)
det′(−d2τ + V ′′[xb])
+ . . .
)]n .
As T goes to ∞, the number of bounces that can fit in the Euclidean time interval becomes
infinite. The small imaginary contribution to KE(xA, xA, T ) proportional to J coming from
the neighborhood of the single bounce as it is approached from the false vacuum therefore
exponentiates when the analogous partial neighborhoods’ contributions of multi-bounces are
summed over,
KE(xA, xA, T ) = NI0e
i
2
e−B/~
(
T
√
B
2pi~
)(√
det′(−d2τ+ω2)
det′(−d2τ+V ′′[xb])
)
+ . . . (A.45)
where the ellipses represent subleading contributions and the portions of the steepest descent
contour excluded.
Define the constant,
A ≡
√
B
2pi~
(√
det′(−d2τ + ω2)
det′(−d2τ + V ′′[xb])
)
. (A.46)
In the sense of equation (A.7), the net effect of the ∝ Jn contributions shown in (A.45) can be
viewed as an exponentially small imaginary correction of the form − i2Ae−B/~ to the ground
state energy. It is exponentially suppressed relative to the zero point correction VA + ~ω/2.
This imaginary “energy” term is then interpreted in the spirit of the poles and analytic
structure of the function,
Tr
(
1
zI −H
)
. (A.47)
where H is the quantum operator acting on a Hilbert space. A pole that lies off the real axis is
interpreted as representing an instability occurring with/described by the rate Γ = −2Im(E˜)
where E˜ is the location of the pole in the complex z-plane. In this way, we arrive at the
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identification
Γ = Ae−B/~. (A.48)
The fact that B, the difference between the bounce and static false vacuum actions worked
out to (A.19) means that this procedure reproduces the correct exponential factor expected
from a WKB calculation of the transmission coefficient. As mentioned in the introduction,
this provides strong evidence for trusting that instantons in fact calculate semi-classical decay
rates. A fully rigorous explanation for why the particular contributions to KE(xA, xA, T )
we’ve retained (the imaginary half Gaussians ∼ J from each negative mode of the n-bounces)
should be linked to the quantity of interest in vacuum decay, (A.1), is (as far as I can see)
unclear.
In specific cases, like the symmetric double-well potential for the quantum particle, a
more direct line can be traced, essentially by relating Γ to a difference in energies [27]. It
may well be that some of the ambiguities regarding the interpretation of negative modes for
gravitational instantons, particularly within the context of decay from dS parents, might be
clarified by a more scrupulous application/understanding of steepest descent.
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